Successive extensions of minimal p-divisible groups

Shushi Harashita

Abstract

We study truncated Barsotti-Tate groups of level one (BTp) and their extensions to p-
divisible groups. Firstly we show that any BT; contains a certain minimal BT; as a non-zero
subgroup scheme. This proves that any BT, is written as a successive extension of minimal
BT;’s. Secondly we prove that any successive extension of minimal BT;’s which is a BT,
can be extended to a certain successive extension of minimal p-divisible groups. As an
application, we determine the optimal upper bound of the last Newton slopes of p-divisible
groups with given isomorphism type of p-kernel.

1 Introduction

We fix throughout a prime number p. Let k be an algebraically closed field of characteristic p.
In this paper, we present a new method to extend truncated Barsotti-Tate groups of level one
(BT;) over k to p-divisible groups over k. A good point of this method is that we can extend a
BT; to p-divisible groups with various determinable isogeny types (Newton polygon).

Kraft and Oort classified the isomorphism classes of BT’s over k by final sequences (cf. §2.3).
For non-negative integers ¢, d with ged(c,d) = 1, let H. 4 denote the simple minimal p-divisible
group of slope ¢/(c + d) (cf. §3.1). In §4.1 we associate to any final sequence v non-negative
integers m,,n, and a natural number e, in a combinatorial way. The first aim of this paper is
to prove

Theorem 1.1. Let G be a BTy over k with final sequence v. Then there exists an injective

homomorphism over k
Hg,en[p] — G

with m =m,, n=n, and e = e,.

This shows that any BT} can be written as a successive extension of minimal BT;’s (Defi-
nition 3.2), see Lemma 2.2. The second aim is to prove

Theorem 1.2. Let G be a BT1. If G is a successive extension of {Hp, n,;[p]}_y, then G can be
extended to a certain successive extension of minimal p-divisible groups {Hy, n; Yi_-

Hence for any pair of final sequence v and Newton polygon £ = Zle(mi,ni) such that a
BT; having final sequence v is written as a successive extension of {Hy,, n,[p]}i_;, there exists
a p-divisible group with final sequence v and Newton polygon £. Note that for given v such £ is
not unique in general.

As an application, we shall show

Corollary 1.3. The optimal upper bound of the last Newton slopes of p-divisible groups with
given final sequence v is equal to p, = my/(my, + ny,) (see Definition 4.1).



This is an unpolarized analogue of [3], Theorem 4.1. An obstruction in the unpolarized case
is the absence of a good moduli space like the moduli space of principally polarized abelian
varieties. As an alternative method, we use the theorems above. Let us explain the background
of Corollary 1.3. A final goal of our research is to solve the following classical problem:

(P) Let v be a final sequence. Classify the possible isogeny classes (Newton polygons) of p-
divisible groups over k with final sequence v.

Since it seems difficult to give a complete answer to (P), one may propose a weaker problem:

(P") Show the existence of the optimal upper bound (w.r.t. <) of the Newton polygons of p-
divisible groups over k with final sequence v, and find an algorithm determining it.

Note (P’) is also open in general. However I believe that (P’) would be beautifully solved by
induction, and expect that Corollary 1.3 would be the first step of the induction.
In the last subsection, combining Theorems 1.1, 1.2 and Corollary 1.3, we shall show

Corollary 1.4. A BT is BT-simple if and only if it is minimal and indecomposable.
This has already been obtained by Oort ([10], Theorem A).
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Notations

For non-negative integers m,n we denote by gcd(m,n) the greatest common divisor, where for
convenience we set ged(m,0) = ged(0,m) = m for m € Z>¢. For an integral domain R, we
denote by frac(R) its field of fractions. For a set S, we denote by |S| the cardinality of .S.

2 Preliminaries

2.1 The Dieudonné theory

Let K be a perfect field of characteristic p and W (K) the ring of infinite Witt vectors with
coordinates in K. Let Ax be the p-adic completion of the associative ring

W(K)[FV]/(Fx — 2’ F,Va® — 2V, FV — p, VF — p,Vz € W(K)) (2.1.1)

with the Frobenius automorphism o of W(K). A Dieudonné module over W (K) is a left Ag-
module which is finitely generated as a W (K )-module. A Dieudonné module is called free if it
is free as W (K )-module.

The covariant Dieudonné theory says that there is a canonical categorical equivalence D from
the category of p-torsion finite commutative group schemes (resp. p-divisible groups) over K to
the category of Dieudonné modules over W (K) which are of finite length (resp. free). We write
F and V for “Frobenius” and “Verschiebung” on commutative group schemes. The covariant
Dieudonné functor D satisfies D(F) =V and D(V) = F.



2.2 The Dieudonné-Manin classification

A segment is a pair (m,n) of non-negative integers with ged(m,n) = 1. The slope A(s) of a
segment s = (m,n) is defined to be m/(m + n). . '

For a sequence (s1, ..., s;) of segments s; = (m;, n;), putting Pj := (3_7_, (mi+n;), > 7_,m;) €
R? for 0 < j < t, let £L = L(s1,...,5;) denote the line graph in R? passing through Py, ..., P;
in this order. Put h := Zle(mi + n;). For a point Q € [0,h] x R, we say @ < L if @ is on or
above L. We say, for two line graphs £, £’ as above with the same end point, that £’ < £ if
Q< Lforall Qe L.

A Newton polygon is a line graph of the form L(s1,...,s:) with A(s1) < --- < A(s¢). Since
this Newton polygon is the biggest one with respect to < among line graphs obtained from the
set {s1,...,S:}, we usually write this Newton polygon as s; + -+ + s;.

For a segment (m,n), we define a p-divisible group G, ,, over F,, by

D(Gn) = A, /Ag, (F™ — V™). (2.2.1)

By the Dieudonné-Manin classification [6], for any p-divisible group G over a field K of charac-
teristic p, there is an isogeny over an algebraically closed field containing K from G to

B G, (2.2.2)

for some finite set of segments s; = (m;,n;). Thus we get a Newton polygon s; + - - - + s;, which
is denoted by NP(G). One may suppose A(s1) < -+ < A(s). We call A\;(G) := A(s;) the i-th
Newton slope of G. We set

pi(G) = Aey1-i(9) (2.2.3)

and call p1(G) the last Newton slope (or the highest Newton slope). Note the height of G is equal
to h = Y2'_ (m; +n;) and dimg Lie(G) = Y_, m;. We remark that h and >_'_, m; depend
only on the p-kernel G[p].

2.3 The Kraft-Oort classification

We review the classification of BT¢’s by Kraft, which was reobtained by Oort. The main
references are [5] and [8]. Let K be a field of characteristic p. All group schemes will be over K
and all homomorphisms of them will be over K.

Definition 2.1. (1) A finite commutative group scheme G is said to be a BT if

Im(V : G?®) — G) =Ker(F : G — GP),
Im(F : G — GP) =Ker(V : GP) - @).

(2) Assume K is perfect. The Dieudonné module of a BT} is called a truncated Dieudonné
module of level one (DM ).
We shall use the following basic lemma.

Lemma 2.2. (1) Let f : G1 — G2 be a surjective homomorphism of BT1’s. Then Ker f is
also a BT1.



(2) Let f: Gy — Gy be an injective homomorphism of BT1’s. Then Coker f is also a BT;.

Proof. (1) Set G = Ker f. For 1 <i < 3, by p- G; = 0, we have the complexes

Co F o) _V F v F

G G® G — .

For i = 1,2 we have H’(C?) = 0 for any j € Z by the definition of BT;’s. The long exact
sequence deduced from the exact sequence

0 Cs Cs Cs 0
shows H7(C3%) = 0 for any j € Z. This means that G5 is a BT;. Similarly we obtain (2). O

From this lemma, any direct factor of a BTy in the category of finite commutative group
schemes is a BT;.
We review the classification of BT;’s in terms of final sequences.

Definition 2.3. A final sequence of length h is a map v : {0,1,...,h} — {0,1,..., h} satisfying
v(0)=0and v(i—1) <v()<v(@-1)+1.

Let G be a BT, over K of rank p”. For any subgroup scheme G’ of G over K and for any word
w of V, F7L, we define w - G inductively by V - &’ := V@) and F~!. &' .= F-1(G'P) N FQ).
Then there exists a unique final sequence v of length h such that for any word w of V, F~1 we
have v(length(w - G)) = length(Vw - G). Thus we have a canonical map

FS: {BT; of length d over K}/K-isom. — {final sequence of length d}. (2.3.1)

The Kraft-Oort classification is described as:
Theorem 2.4 ([5]). If K is algebraically closed, then FS is bijective.
Assume K is algebraically closed. We shall use k instead of K.
Definition 2.5. Let GG be a BT and v its final sequence.
(1) We call G (or v) BT-simple if there is no non-zero proper BT subgroup scheme of G.
(2) We call G (or v) indecomposable if there is no non-zero proper direct factor of G.

Definition 2.6. (1) A final type of length h is a pair (B,d) consisting of a totally ordered
finite set B with |B| = h and a map 6 : B — {0, 1}.

(2) Let B = (B,¢) and B’ = (B’,d’) be two final types. We say B and B’ are isomorphic if
there exists an ordered bijection f from B to B’ such that § = ¢ o f.

For a final type (B,0d), we define an automorphism 7w = 75 of B as follows. Let B = {b; <
-+ < by} and set B_ ={be B |J§0b) =0} and By ={be B| () =1}. Put hy = |B_|. Let
m_ and w4 be the ordered maps

T B — {bl,...,bho},

T By —— {bh0+17"'7bh}‘



Then 7 is defined by

_fr-@) if beB_,
7T(b)_{m(b) if beB,. (2:3.2)

We call 75 the automorphism of B associated with §. We define an automorphism w = wg of
{1,...,h} by m(b;) = by for all 1 < < h.
Obviously we have

Lemma 2.7. The map from the set of final sequences of length h to the set of equivalence classes
of final types of length h sending v to the class of (B,6) defined by B = {b; < --- < by} and
d(bi)=1—v(E)+v(i—1) for all 1 <i < h is bijective.

Let G’ and G” be BT1’s. Let v/ and v’ be their final sequences and let B’ and B” be their
final types. We shall write the final sequence of G’ ® G” as v/ ® v and its final type as B’ ® B".
Also we write a homomorphism f: G' — G" as f: v/ — V", etc.

We review the inverse map of F'S. Let v be a final sequence and B = (B, ) be its final type
with B = {b; < --- < by}. We can construct a BT, say G, having final sequence v as follows.
The Dieudonné module of G is defined to be

D(G) = P rz; (2.3.3)
with F and V operations

Fzy =4 =0 if o(bi) =0, and VZg;) = i it (ki) ’
0 if 0(b;)) =1 0 ifd(b;) =0.

By this construction, from any w-stable subset B’ of B we obtain a direct factor G’ of G,
which is defined by D(G") = @y, kZi-
3 Minimal p-divisible groups

In this subsection we review the definition of minimal p-divisible groups (cf. [2], §5.3 and [9])
and show some basic facts.

3.1 Definitions

Definition 3.1. For non-negative integers m,n with m + n > 0, we define a p-divisible group
Hy, ,, over F), by
m+n—1

D(Hpn) = P Zpx:
i=0
with F,V operations:
Fri=xitn and Vz; =z, forallie Zsg (3.1.1)

where z; (i € Z>m+n) are defined as satisfying xipm+n = px; for i € Z>o.



Note D(H,,,,) has an endomorphism o defined by J(x;) = x;41. For an arbitrary perfect
field K, the Dieudonné module D(H,, , ® K) has a W(K)-basis {zo,...,Zmin—1} satisfying
the equations (3.1.1), which is called a minimal basis of D(H,, , ® K). We call zo the highest

element of the minimal basis. We have Hﬁﬁ@n ~ Hemen for any e € Z>1.

For a Newton polygon £ = Zﬁzl(mi, n;), we denote by H () the p-divisible group

B Hui - (3.1.2)

Note the Newton polygon of H (&) is equal to &.

Definition 3.2. Let G be a p-divisible group and let G be a BT;. We call G (resp. G) minimal
if there exist a Newton polygon ¢ and an isomorphism from G (resp. G) to H (&) (resp. H(§)[p])
over an algebraically closed field.

3.2 A description of D(H,, )
In this subsection we assume m,n > 0 and ged(m,n) = 1, and put M = D(H,,,). Set
u=min{m,n} and v =max{m,n}. (3.2.1)

Let {zg,...,Tmt+n—1} be a minimal basis of M. For any z; with i < u, let a(x;) denote the least
integer o such that FoT!(x;) € pM. Note a(z;) > 1 for all i < u. For any z; with i > v, let
B(x;) denote the largest integer 3 such that x; € VAM. Note B(x;) > 1 for all i > v.

Set Xo = xo. We define inductively «;, Bi11 € Z>1 and X;y1 € {zo,...,2,} for i € Z>¢ by
Q; = OZ(XZ) and ﬁprl = ﬁ(]‘-az(Xl)), and Vﬁi+1X@'+1 = fain.‘ Note X/L'Jru = Xi for any ) > 0.
Thus we get o, 5; and X; for i € Z/uZ. Obviously we have

Lemma 3.3. Suppose m,n > 0 and ged(m,n) = 1. Then putting
Ii = FOX; = VI Xip,

we have
D(Hpp @ K) = A (X1, ..., Xu) /A (L1, ..., L),

for any perfect field K of characteristic p.

3.3 The final type of H,, ,[p]

We recall a part of [4], §4.5. Let m,n be non-negative integers with m+mn > 0. Let v, , be the
final sequence of Hy, »[p]. Then we have vy, ,, = (0,...,0,1,...,m) with n zeros ([4], Lemma
4.13), and the final type By, = (Bmn, Omn) of Upmp is given by By, = {b1 < -+ < bypqn} and
by Om.n(bi) =1for 1 <i < nand 6y,,(b) =0forn <i<m+n. Let mpy,, be the automorphism
of By, associated with d,,,. Then we have the commutative diagram

Bm,n - Z/(m + n)Z
wm,nl l_n (3.3.1)
By —— Z/(m+n)Z,

where the horizontal maps send b; to the class of i — 1. Note H,, [p] is indecomposable if and
only if ged(m,n) =1 (cf. [4], Definition 4.3 and Corollary 4.15).



4 Construction of embeddings of certain minimal BT’s

The aim of this section is to prove Theorem 1.1. Before that, we define m,,n,, e, and so on,
and investigate some basic properties of them.

4.1 VU-cycles

Let v be a final sequence, and let B = (B, ) be its final type with B = {b; < --- < by}. We
define a map

V: B— - B

byy+i  if v(i) =0. o

by sending b; to

We get a non-empty ordered subset of B:

D=D,:=(]Im¥, (4.1.2)
j=1

where U7 denotes the composition of j copies of ¥. Then ¥ induces an automorphism

v: D —— D. (4.1.3)
Set
c=¢_C, ::Dﬂ{by(h)Jrl,by(h)JrQ,...,bh}. (4.1.4)
Since for any i < ¢/ we have
v(i) <v(i') and v(h)+i—v(i) <v(h)+i —v(i), (4.1.5)

we have the commutative diagram
D —— Z/|D|Z
\pl lf\q (4.1.6)
D —— Z/|D|Z,

where the horizontal maps are defined by the unique ordered map from D to {0,---,|D| — 1}.
We put e, := ged(|C|, |D|) and define m,,n, € Z by |C| = eyn, and |D| = e, (my, +ny).

Definition 4.1. (1) The slope associated with v is the rational number
pv = my/(my + ).

(2) We call the natural number e, the ¥-multiplicity in v.

Proposition 4.2. Let G be a p-divisible group with FS(G[p]) = v. Then the last Newton slope
p1(G) of G is less than or equal to p,,.



Proof. Let s be the slope function of G (cf. [1], IV. 5). Recall that s is the continuous real-
valued function on R defined so that for each A € R, the straight line with slope A tangent
to the Newton polygon of G passes through the point (h,s(\)). Hence in order to prove the
proposition, it suffices to show s(p,) = dim Lie(G).

Set m = m, and n = n,. By the same argument as in [3], Proposition 6.1, we have

V1+a(m+n) .G C pang

for any a@ € Z>p. Hence for any ¢ € Qs¢ and for any 8 € N with 8¢ € Z>;, we obtain
FBmtnte) \p « pBn )L which can be paraphrased as

p,B(m—l—s)M c YBmtnte) yr (4.1.7)

By [1], Corollary on p. 88, the slope function s has the property:

. ( m+e ) . length(M /(VOm4n+e) pp 4 pBlmte) pry)
m+nte)  Booo B(m +n+e) '

From (4.1.7), this is equal to

length(M /(VPmtnte) pry)
B—00 ﬁ(m +n+ 6)

= dim Lie(G).

The continuity of s implies §(p, ) = dim Lie(G). O

Remark 4.3. Apology: in the proof of [3], Proposition 6.3, the author confused the con-
travariant theory [1] and the covariant theory. But anyway [3], Proposition 6.3 is true for any
quasi-polarized p-divisible group.

4.2 Interrelations between 7m-cycles and V-cycles
Let v, B,D and ¥ be as in the previous subsection. Write B = (B,d) and B = {b; < --- < by}
Definition 4.4. We define a final type (D,~) by

() {1 if v(i) =0,

0 otherwise
forb=10; € D.
Set m = my, n =n, and e = e,. Write D = {c1,...,Ce(mqn)}- Clearly we have

() 1 if 1<i<en,
) =
T 0 otherwise,

and the automorphism 7, of D associated with + is equal to ¥. Hence there is an isomorphism
of final types
ki Bhe, —— (D). (4.2.1)

Let us investigate the interrelation between m on B and ¥ on D.



Lemma 4.5. Let b be an element of D.
(1) We have 6(b) > (b) and w(b) > U(b).
(2) 8(b) = 4(b) if and only if w(b) = W(b).
Proof. Write b = b;. First note
b)) =1 <= v(i)=0 = v(i-1)=v() <+ &b)=1. (4.2.2)

(1) If 6(b) < ~y(b) held, then 6(b) = 0 and ~(b) = 1, which contradicts with (4.2.2). Thus we
have §(b) > ~(b).

Let us show 7 (b) > ¥(b). Case ~(b) = 1: By §(b) > v(b) we have 6(b) = 1. By v(b) = 1 we
have W(b) = by, (n)+i—v(@i)- By 6(b) = 1 we have 7(b) = b, (n)4i—(;)- Hence we have 7(b) = W(b).
Case 7(b) = 0: We have ¥(b) = b,(;. Note m(b) = b,y or bypn)4i—p@)- Since v(i) < i
v(h) +1—v(i), we have 7(b) > ¥(b).

(2) Assume 6(b) = (b). In the case of 6(b) = (b) = 1, we have seen w(b) = ¥(b) in the
proof of (1). If 6(b) = v(b) = 0, then v(i — 1) < v(i) # 0; hence we have 7(b) = b, ;) = ¥ (b).

Conversely we assume m(b) = ¥(b). If 6(b) > ~(b) held, then we have §(b) = 1 and ~v(b) = 0.
By 0(b) = 1, we have b < 7(b). From 6(b) = 1, we have v(i — 1) = v(i); hence v(i) < i. From
7(b) = 0, we have v(i) # 0; hence W(b) = b,(;y. Thus ¥(b) = b,;) < b = b < w(b). This is a
contradiction. O

Lemma 4.6. Let b be an element of D, and let ¢ be an element of B.

(1) If m(c) < ¥(b) and 6(c) = ~y(b), then ¢ < b.

(2) If c < b, then §(m~1(c)) < v(¥~1(b)).
Proof. (1) Assume 7(c ) < U(b) and 6(c) = y(b). Let b = b; and ¢ = b;. Suppose ¢ > b held.
Then we have j > i. If 6(c) = v(b) = 0, then 7(c) = b,(jy > b,y = ¥(b). By the assumption
m(c) < ¥(b), we have b v(j) = bu)- This implies b,(;) = b,(;_1); hence we have ¢(c) = 1; this
is a contradiction. If §(c) = v(b) = 1, then 7(c) = by(n)+j—v(j) = bun)tri—vi@) = Y(b). By the
assumption 7(c) < W(b), we have b,(n)+j—v(j) = by(h)+i—v(s)- This implies v(h) + j — v(j) =
v(h) + (j — 1) — v(j — 1), namely v(j) = v(j — 1) + 1; hence we have d(c) = 0; this is a
contradiction. Thus ¢ < b has to hold.

(2) Assume ¢ < b. It suffices to show that v(¥~1(b)) = 0 implies 6(7~1(c)) = 0. Suppose

(U1 (b)) = 0. Write b; = U~1(b). Then we have b = W(b;) = b, ;) < by(n). By the assumption
¢ < b, we have ¢ < by(,). Note (7~ *(c)) = 0 if and only if ¢ < byp). O

We define two Q-valued functions on B by

{T+(b) =75 (b) = 232, 0(m (D)2, forbe B (4.2.3)
7o) =1, (b) = S22 A i (b))2

{Xt(b) = Xé(b) =20 V(Wi(b)ﬂ_l_’z for b € D. (4.2.4)

(Let 4 be the final sequence of (D,~). By definition we have x(b) = Tlf(b) for all b € D.)



Proposition 4.7. Let b € D.
(1) We have 77 (b) > xT(b) and 7= (b) < x~ (D).
(2) The following three conditions are equivalent:
(i) 7F(b) = xT(b);
(i) 77(b) = X" (b);
(iii) we have 7 (b) = Wi (b) for alli € Z and v = & on the subset {¥*(b) | i € Z} of D.

Proof. Firstly we prove 77 (b) > x*(b) and the equivalence (i) < (iii) of (2) at the same time.
Let | be any non-negative integer such that &(7%(b)) = (¥¥(b)) for all 0 < i < [. It suffices
to show (A1) 77(b) = W/(b) for all 0 < j < [ and (A2) §(x'(b)) > (¥ (b)). The proof of
(A1) is by induction on j. The case of j = 0 is obvious; if 7/ (b) = W/ (b) (j < I) holds, then
the assumption §(7/ (b)) = (W7 (b)) implies 7/ T1(b) = WIt1(b) by Lemma 4.5 (2); thus we have
(A1). Thus we have 7!(b) = W!(b) in particular; then by Lemma 4.5 (1) we have (A2).

Secondly we prove 77 (b) < x~(b). Let [ be any natural number such that §(7~%(b)) =
Y(U~E(B)) for all 1 < i < 1. We claim (B1) 7#=9(b) < U4 (b) for all 0 < j < [ and (B2)
§(m7Hb)) < 4(T~L(b)). The proof of (B1) is by induction on j. The case of j = 0 is obvious;
if 7=U=D() < w=U=D(b) (1 < j < 1) holds, then the assumption d(7 7 (b)) = (¥ (b))
implies that 7=7/(b) < ¥9(b) for 1 < j < | by Lemma 4.6 (1); thus we have (B1). From
7= =D b) < =D (), we have (B2) 8(7~4(b)) < 4(¥~4(b)) by Lemma 4.6 (2).

Since (iii) = (ii) is obvious, it suffices to show (ii) = (i). Obviously (ii) says that for all
i € Z>1 we have §(m~4(b)) = v(¥~%(b)). Since both of 7 and ¥ make cycles, there exists N € Z>1
such that 7V (b) = b and UV (b) = b. For any j € Z>¢, choosing ¢ € Z>1 with j — cN < 0, we
have 6(m7 =N (b)) = v(¥I=°N(b)); hence §(n/(b)) = v(P¥7(b)). Thus we obtain (i). O

Corollary 4.8. Let E be the set {b € D | 77(b) = x*(b)}. Then E is w-stable and V-stable
and we have v =6 on E. (Hence £ := (E,v|g) can be seen as a direct factor of B and also as
a direct factor of (D,7), see the last sentence of §2.3.)

Proof. Let b be any element of E. The equality v(b) = d(b) is obvious from the equivalence (i)
& (iii) of Proposition 4.7 (2). This equivalence also implies 7(b) € E, since b satisfies (iii) if and
only if 7(b) satisfies (iii). Thus we obtain 7(E) = E. Similarly we have V(F) = E. O
4.3 Slices and strings

The main reference is [10], §2. Also see [7], §4. We recall the definition of slices and strings
(cf. [10], §2) in terms of final types.

Definition 4.9. Let By = (B1,61) and By = (Ba,02) be final types and set m; = w5, and
Ty = Tgy-.

(1) A finite slice w is a subset of By x By of the form
w={(mi(s1),m(s2)) | 1 <<} with |w] =/
for s1 € By and s9 € Bs satisfying
(a) 01(s1) =1 and d2(s2) =0,
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(b) d1(mi(s1)) = Sa(m(s2)) for all 1 < i < £ and
(c) 81(m{(s1)) = 0 and So(mh(s2)) = 1.

We denote by Qy = Q¢(B1,B2) the set of finite slices of By and B.
(2) An infinite slice w is a subset of By x By of the form
w={(mi(s1),mh(s2)) | 1 <<€} with |w]=1/
for s1 € By and so € By satisfying
(a) s1 = 7i(s1) and sy = 75(s2),
(b) 61(mi(s1)) = d2(mwh(s2)) for all 1 < i < /.
We denote by Qo = Qoo(B1, B2) the set of infinite slices of B; and Bs.
Set 0 = Q(B1, Ba) := Q5 U Q. An element of Q is called a slice.

Let k be an algebraically closed field of characteristic p.

Definition 4.10. Let w = {(7%(s1),75(s2)) | 1 < i < £} be a slice with |w| = ¢. For an
element r € w, we denote by 7(r) (= nw(r)) the integer n with 0 < n < ¢ satisfying r =
(w7 (s1), 75 (s2)).

(1) Let w be a finite slice. A string of w is the map

ww,a: By xBy —— k

sending r € w to a”""” and r ¢ w to 0 for an element a of k.
(2) Let w be an infinite slice. A string of w is the map

ww,a : BixBy —— pr\

sending r € w to a”""” and r ¢ w to 0 for an element a of F .

Let G1 and G2 be BT’s over k having final types 1 and Bs respectively. There is a canonical
isomorphism as additive groups

A H k x H pr/‘ SN Homk(Gl,Gg).
weNy wEQso

See [10], (2.4). Recall the definition of A. Let (w,a) be a pair of slice w and a € k such that
a € F . if w is infinite. To (w,a) we associate an element f,, , of Hom(D(G1),D(G2)) as follows.
Write B, = {b{”) < --- < b{} for (x = 1,2) and write D(G.) = @, k2 for (x = 1,2) as in

(2.3.3). Then putting r;; = (bgl), b§-2)) € B; x Ba, we define

fw,a(Zi(l)) = Zl/}w,a(rij)zj@)- (4.3.1)
J
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Lemma 4.11. There exists an injective homomorphism G1 — Go if there exists an injective
map 7: By — By (as sets) such that for any b € By there exists a finite slice containing (b, 7(b)).

Proof. Set t(b) = (b,7(b)) € By x By for b € By. Let {wi,...,w,} be a minimal set of distinct
finite slices such that |J, w; contains v(B;). For each b € By, let 2(b) be the unique element of
{1,...,v} with v(b) € w,p).

We show that the sum ), f,, o, gives an injection D(G1) — D(G2) for sufficiently general
(ai) € k. Let Ty, , denote the |B;| x |Ba|-matrix (ww,a(b(l),b(2 )), where (b(l),b@)) € By x Bs.
Note I', 4 is the matrix expression of f, 4, see (4.3.1). Put I' := >, [y, o, and write I' = (73, ),
where (b,0') € By x By. It suffices to show that rkI' = | By| for sufficiently general (a;) € k. From
now on we consider {a;} as a set of independent indeterminates. Let C' = (cy /) (bp)eB, xB;, D€
the | By| x [By|-matrix defined by cjp = 7,51y It is enough to show that det(C) # 0. Consider

the terms of
det(C) = > (=1 I epew: (4.3.2)
¢eAut(B1) beB1

Note that each entry cpp is zero or is of the form afj for some i € {1,...,v} and for some
J € Z>p, and moreover we have ¢,y = afe if and only if (b, (V') € w; and n,, (b, 7(b')) = e (see
Definition 4.10 for the definition of 7). Hence for every ¢, the term [],cp ¢y () 1s zero or is of

the form
v

Hal:ees@'p (4.3.3)
i=1
for some finite set S; of non-negative integers. Moreover for any nonzero term, we can recover
¢ from the form (4.3.3). Indeed the factor afe should come from ¢, for some b,b’ € By with
(b, 3(V)) € w; and n,, (b, 3(b")) = e, and such a pair (b,b) is unique, since 7, is an injective map
from w; to Z>¢ (Definition 4.10); hence ¢ is determined by ((b) = ’. Thus we need only find a
non-zero term of (4.3.2). Writing 7, = n.,,), the term with ¢ = id is equal to

ipnb(f(b))

(x(b)) ? > )=
I (@)™ =] @ :

be By =1

which is not zero. OJ

4.4 Proof of Theorem 1.1

The proof of Theorem 1.1. Let G be a BT; of final sequence v. Set m = m,, n = n, and
e = ¢,. The aim is to prove that there exists an injective homomorphism Hﬁ‘?fn [p] = G. Let
B1 = (Bj,01) be the final type of H,?éen[p], and let By = (B3,02) be the final type of G. Put
D := D, (C Bz) and let v be the partition map defined in Definition 4.4. Recall (4.2.1) that
there exists an isomorphism as final types

k: By —— (D,7). (4.4.1)

Let Tli, Xli and TQi, Xét be the functions defined in (4.2.3) and (4.2.4) for By and Bs respectively.
Set E:={c€ D | x3(c) =75 (c)} and write £ := (E,v|g). By Corollary 4.8, the final type
€ can be seen as a direct factor of both of By and (D,~). Hence removing the direct factors
k~1(€) and £ from By and Bo respectively, we show the existence of an injection from the
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remaining direct factor of By to that of By. By Lemma 4.11, it suffices to show that for any
b € By \ k~1(E) there exists a finite slice containing (b, x(b)). Let b € By \ x~*(£) and put
c := r(b). By Proposition 4.7, we have x4 (¢) < 75 (¢) and x5 (c) < 75 (c).

Since 71 (b) = x4 (¢) by (4.4.1), we have 71 (b) < 75 (c). Hence there exists (T € Zx( such

that ‘
{wa(
b1 (7 (

Since 71 (b) = x5 (¢) by (4.4.1), we have 7; (b) > 7, (¢). Hence there exists £~ € Z<_; such that

b)) = a(mh(c)) for 0<i</{t,
b)) =0 and Jo(mi(c)) =1 for i=~¢7.

51(m4 (b)) = da(mh(c)) for (7 <i<O,
S1(7t(b)) =1 and da(ni(c)) =0 for i=1~".

Thus {(7%(b), 7h(c)) | £~ < i < €T} is a finite slice. O

5 Extensions by minimal p-divisible groups

In this section we prove Theorem 1.2 and some corollaries. Let k£ be an algebraically closed field
of characteristic p and set W = W (k) and A = A. In this section all p-divisible groups and all
BT;’s will be over k, and all Dieudonné modules will be over W.

5.1 Proof of Theorem 1.2

It suffices to prove the following, which is a stronger assertion than Theorem 1.2.

Proposition 5.1. Let M; = D(H.q ® k) with ¢,d > 0 and ged(c,d) = 1. Let @ be a DM,
and ¢ a surjective A-homomorphism Q — My /pM;. Set P = Ker¢. (Note P is also a DMy
by Lemma 2.2). Then for any free Dieudonné module My such that My/pMs ~ P, there exist
a free Dieudonné module M, a surjection f : M — My and an isomorphism g : M/pM ~ Q

commuting

M

! !

M/pM —2% My /pM;
such that Ker f ~ My.

Proof. If ¢ or d is zero, then the homomorphism ¢ : @ — M;/pM; has a splitting; hence the
proposition holds obviously. From now on we assume c¢,d > 0.
Let v = min{c,d}. Recall Lemma 3.3 that M; is generated over A by Xi,---, X, and all
relations are generated over A by F*X,; — Vﬁi“XiH =0.
Let >j_,(my,n;) be the Newton polygon of M. Then
t
M, @w frac(W) —— D D(Hp,n,) @w frac(W). (5.1.1)
I=1
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Let e; € My @y frac(W) be the highest element of D(H,y, n,). Let 9; be the endomorphism of
H,,, n, defined just after Definition 3.1. We define a commutative discrete valuation ring

Ry = W[6]/ (6] — p)

and set L; = frac(W)[Hl]/(G;nl+nl —p) = frac(R;). We extend the action of the Frobenius ¢ on
W to that on L; by the rule 67 = ¢;. Note the W-homomorphism

Ry —— D(Hpyn, @ k) (5.1.2)
defined by sending f(6;) to f(9;)e; is isomorphic.
Let Y1, ---,Y,, be a W-basis of Ms. Since there is an exact sequence

it follows that Q is generated over k[F,V] by Y1,---, Y, F'Z;, Vszi (0<r<aand0<s<
B;) and all relations are generated over k[F, V] by relations only in Y1, -+ ,Y,, and relations of
the forms B B B

]:aiZi - Vﬁ”lZi_H = ZCUY]' (5.1.4)

J

with Cij € k.

We will define M to be an A-submodule of (M; @& Ms) Qw frac(W) generated by M and
FZ; (0<r<q) and ViZ; (0<s<p()

fori=1,2,--- ,n where Z; is of the form:

t
Zi = XZ‘ + Zailel
=1

for some a;; € L;, which will be chosen later so that M has the required properties.
Let ¢;; € W be a lift of ¢;; and define b; € L; by

S b= Yt
l J
It suffices to show that there exists a solution {a;} (1 <i <w, 1 <1 <t) satisfying

FiZ; =V Zips = baer. (5.1.5)
l

Comparing the coefficients of e; of the both sides of (5.1.5), we obtain
af ;" — af;iilﬂerlﬁiﬂ = b (5.1.6)

for i € Z/uZ. Since [ is the same in each equation, it suffices to solve the simultaneous equations
for each [. Writing a;, b;, n, m,0 and L for ay, by, n;, my, 0; and L; respectively, we have

u
a({zgzl(aﬁﬁi)ez?zl(nai_mﬁi) Cay = Z bgﬁl+2i<j§u(aj+ﬂj>e_mﬁ1+zi<jgu(naj—mﬁj)‘ (5.1.7)

=1
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It suffices to show that this has a solution a; € L; then we get a required solution {a;};" ; from
(5.1.6).

Put z := a1 and g := o2i=1(®+08i) Note 9 # 1 by a4, 5; > 0. We also put € := Yoy (noy —
mf3;) and v := RHS of (5.1.7). Then (5.1.7) is written as

220 — z = . (5.1.8)
If ¢ > 0, we have a solution z = ) 2, 966(—7))96. Also if € < 0, we have a solution z =
Py 0—‘»°™" . Finally we consider the case ¢ = 0. Write z = Z?:g"fl 20" and v = Z?j{)"fl v;0

with z;,v; € frac(W). It suffices to solve zf —z; = v; for each 0 < i < m+n. There exist elements

y; of W for all integers j > ord,(v;) such that z; = Z;iordp(vi) p’y; is a solution. Indeed, putting
Zij = )i pj/yj/, we can find ;s successively so that zfj —2z;j = v; (mod p!W). Let j > ord,(v;)
and suppose that we have already got such y; for j* < j. Since o # 1, there exists a solution

J; € k of the Artin-Schreier equation ng- ;=7 (vi— zfj + z;;) modpW). Let y; be a lift of
y;- Then clearly z; := Z;-iordp(vi)pjyj is a solution of 27 — z; = v;. O

We obtain the “dual” of Proposition 5.1:

Proposition 5.2. Let My = D(H.4) with ¢,d > 0 and ged(c,d) = 1. Let Q be a DM; and
¢ an injective A-homomorphism My /pM; — Q. Set P = Coker ¢. (Note P is also a DM; by
Lemma 2.2). Then for any free Dieudonné module My such that May/pMs ~ P, there exist a
free Dieudonné module M, an injective A-homomorphism f : My — M and an isomorphism
g:Q~M/pM commuting

M, —L

! l

My/pMy —2% M/pM
such that Coker f ~ M.

Proof. Let N be a free Dieudonné module and let N1 be a DM;. Their duals are defined by
N := Homy (N, W) and N; := Homy(Ny, k) with F and V-operations defined by (Fyp)(z) =
o(Vx) and (Vo) (x) = o(Fz)° ', where (¢,2) € N x N and (¢, ) € Ny x Ny respectively. The
dual of N/pN is canonically isomorphic to N /pN.

We can apply (M, Q, ¢, P, M) to (Mi,Q, ¢, P, My) in Proposition 5.1. Then there exist a
free Dieudonné module M, a surjection f’: M’ — M; and an isomorphism ¢’ : M’ /pM' ~ Q
commuting

’

M —— M

! l

M’ [pM’ _tog', M /pM;
such that Ker f/ ~ My. Then (M, f,g) := (M, f', ¢') satisfies all required conditions. O

5.2 Proof of Corollary 1.3

Let v be a final sequence, and set m = m,, n = n, and e = e,. Recall p, = m/(m + n).
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Corollary 5.3. There exists a p-divisible group G such that
(i) FS(G[p]) = v and
(ii) p1(G) =+ = pe(G) = py. (See (2.2.3) for the definition of p;(G).)
Proof. This follows immediately from Theorem 1.1, Proposition 5.2 and Proposition 4.2. O
Then Corollary 1.3 follows from Proposition 4.2 and Corollary 5.3.
Corollary 5.4. p, = max{c/(c+d) | v.q is embeddable into v}.

Proof. Theorem 1.1 says that v, ,, is embeddable into v; hence LHS < RHS. If v, 4 is embeddable
into v, then it follows from Theorem 1.2 that there exists a p-divisible group G with FS(G[p]) = v
containing slope ¢/(c + d). Note ¢/(c + d) is less than or equal to the last Newton slope p;(G)
of G, and we have p1(G) < p, by Corollary 1.3. Hence we have LHS > RHS. O

5.3 Proof of Corollary 1.4

The proof of Corollary 1.4. The “only if”-part follows immediately from Theorem 1.1. Let us
give two proofs of the “if”-part. Let G be a minimal and indecomposable BT, i.e., G ~ H, 4[p]
for non-negative integers c¢,d with ged(e,d) = 1. Let v be the final sequence of G. Assume
G were not BTi-simple. From this assumption, G can be written as a successive extension
of {Hy, n,[p]}_, for some t > 2 by Theorem 1.1 and Lemma 2.2. Note ¢ = >.¢_, m; and
d= Ele n;. Then by Theorem 1.2, there exists a p-divisible group G such that G[p] ~ G and
g is a successive extension of {H, n, }i_,. Note

t

NP(G) = > (mi,ns). (5.3.1)

=1

First proof: The last Newton slope m;/(m; + nt) of G is greater than or equal to ¢/(c + d) by
(5.3.1). Corollary 1.3 says the last Newton slope is at most ¢/(c+d). Hence we get my/(mi+n;) =
¢/(c+d). From ged(c,d) = 1 we have (¢, d) = (m¢, nt). This contradicts with ¢ > 2.

Second proof: We use Oort’s result [9]:

Let X be a p-divisible group over an algebraically closed field k. If X|[p| ~ H(&)[p] ® k,
then X ~ H(§) ® k over k.

Then G ~ H_g4 has to hold, since Gp| ~ H.4[p]. However this contradicts with (5.3.1) and
t>2. 0
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