Configuration of the central streams
in the moduli of abelian varieties
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Abstract

We study the structure of the moduli space of principally polarized abelian varieties in character-
istic p. In this paper we determine the configuration of the central streams in the moduli space. As
a corollary of our proof we obtain a new proof of the dimension formula of the central streams.
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1 Introduction

In this paper we study some combinatorial interrelation between symmetric Newton polygons and elemen-
tary sequences, where symmetric Newton polygons are combinatorial data classifying isogeny classes of
quasi-polarized p-divisible groups, and elementary sequences are combinatorial data classifying polarized
truncated Barsotti-Tate groups of level one (we shall give a brief review in §2.2 and §2.3). From this
we deduce some geometrically meaningful results on the structure of the moduli space A4 of principally
polarized abelian varieties over fields of characteristic p > 0.

In [17] Oort defined central leaves and isogeny leaves in the open Newton polygon stratum W? for
a symmetric Newton polygon £, and showed that a central leaf and an isogeny leaf give an “almost”
product structure on each irreducible component of W¢ ([17], (5.3)). Clearly this result tells us that it is
important to investigate these two leaves in detail in order to know the structure of A,.

For each symmetric Newton polygon &, there is a special central leaf Z¢ in A, which is called the
central stream (cf. §2.4). By definition, the p-divisible group of any geometric fiber of Z; is minimal of
Newton polygon &.

Our main theorem is Theorem 3.1. It would not be appropriate to state the theorem here, because
some technical notations are necessary. What is important is that the theorem produces the following
significant corollaries. Firstly we can determine the configuration of the central streams {Z¢} in A,
(Corollary 3.2). Secondly we obtain the dimension formula of the central streams (Corollary 3.4), which
has been obtained by Oort and Chai-Oort (see [20]). Finally we give a contribution (Corollary 3.6) to
Oort’s conjecture (Conjecture 3.5) on intersections of Newton polygon strata and Ekedahl-Oort strata.

Let us explain the points of our proof. By Oort’s theory [18] on minimal p-divisible groups, the central
stream Z¢ is nothing but the Ekedahl-Oort stratum Sy, for a certain elementary sequence ¢ (cf. §2.4).
Thus our problem deals with the configuration of a certain class of Ekedahl-Oort strata. We emphasize
here that there are two difficulties to solve this problem. One is that we can compute ¢ explicitly for each
given example, but do not yet have a general formula. The other one is that we need some complicated
combinatorics to show S, C wa denoted by ¢’ C ¢, for elementary sequences ¢’ and . For the former,
we show some beautiful inductive formulas of ¢,’s instead of an explicit general formula. For the latter,
we use a sufficient condition for ¢’ C ¢, which we can check more easily. From these partial answers, we
can show ¢¢ C p¢ for any symmetric Newton polygons ¢ and £ with ¢ < &.
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Notations. We fix once for all a rational prime p. All base fields and all base schemes will be in
characteristic p. We write N = Z+ ¢ the set of natural numbers. For non-negative integers m,n we denote
by ged(m,n) the greatest common divisor where for convenience we set ged(m,0) = ged(0,m) = m for
Vm € Z>g. For z € R, let |x] be the biggest integer < x and [z] the smallest integer > z. For a,b € R
with @ < b, we denoted by [a,b] the set {x € R | a <z < b} and by [a,b) the set {x € R | a < z < b}.

2 Stratifications

In this section, we start with reviewing the definition of the Newton polygon stratification, the Ekedahl-
Oort stratification and the central streams, and some facts that we shall use later on.

2.1 Dieudonné theory

Let K be a perfect field of characteristic p and W (K) the ring of Witt vectors with coordinates in K.
Let Ax be the p-adic completion of the associative ring

W(K)[FV]/(Fx — 2 F,Vaf — 2V, FV — p, VF — p,Vo € W(K))

with the Frobenius automorphism p of W(K). A Dieudonné module over W (K) is a left A x-module which
is finitely generated as a W (K )-module. There is a canonical categorical equivalence D (the covariant
Dieudonné functor) from the category of p-torsion finite commutative group schemes (resp. p-divisible
groups) over K to the category of Dieudonné modules over W (K) which are of finite length (resp. free
as W(K)-modules). We have D(F) =V and D(V) = F for the Frobenius F and the Verschiebung V' on
finite commutative group schemes (resp. p-divisible groups).

2.2 The NP-stratification

A pair (m,n) of non-negative integers with ged(m,n) = 1 is called a segment. For a segment (m,n),
we define a p-divisible group G, over F, by D(Gyn) = Ar, /Ar, (F™ — V™). The slope of Gy, (or
0 = (m,n)) is is defined to be A(p) := n/(m + n). (Caution: this slope is called the V-slope (or the
F-slope); in some papers the F-slope (= the V-slope) is used, where the slope of G, is defined to
be m/(m +n).) A Newton polygon is a formal sum g1 + --- + ¢ of segments. Arranging p;’s so that
Alo1) < Mo2) < -+ < A(ot), we regard the Newton polygon as the line graph passing through Py, ..., P;
in this order, where we put P; := (3>°7_,(m; +n;), > ]_, n;) for 0 < j < ¢. The point P; is called the j-th
breaking point for 0 < j < t. (Caution: for 0 < j < t we call P; a breaking point even if A(0;) = A(gi11);
we shall call P; a true breaking point if A(0;) # A(gi+1).) For two Newton polygons &, ( with the same
end point, we say ¢ < £ if every point of ( is not below &.

By the Dieudonné-Manin classification ([11] and [2]), for any p-divisible group G over a field K
of characteristic p, there is an isogeny over an algebraically closed field containing K from G to the
direct sum of Gy, n, for some finite set of segments g; = (m;,n;). Thus we have a Newton polygon
01 + -+ + o1, which is denoted by NP(G). For an abelian variety X, we have its Newton polygon
NP(X) := NP(X[p™]). By [14], Theorem 19.1, the p-divisible group X*[p>] of the dual abelian variety
Xt is canonically isomorphic to the Serre dual of X [p*]; this implies that the Newton polygon NP(X) is
symmetric, i.e., A(g;) + A(@e+1—:) = 1 for all 0 <4 <t (cf. [2], Chapter V, 3). Also see [11], Chapter VI,
3 for an abelian variety over a finite field.

For a symmetric Newton polygon & of height 2¢g, we define its NP-stratum by

We = {(X,n) € Ay | NP(X) < £},



which is a closed subset of A, by Grothendieck and Katz ([9], Theorem 2.3.1 on p. 143); we consider
it as a closed subscheme of A, by giving it the reduced induced scheme structure. We define the open
NP-stratum by

W ={(X,n) € Ag| NP(X) = ¢},

which is a locally closed subset of A, (with reduced induced scheme structure).

2.3 The EO-stratification

The main reference for the EO-stratification is [15]. See [3], [4], [12], [13] and [21] for a beautiful
formulation in terms of the Weyl group. To use Weyl groups is starting to become more mainstream, but
in this paper we follow the terminology in [15], because we can then more easily get information about
Ekedahl-Oort strata (cf. Theorem 2.5 (2) and (3) with Definition 2.4 (1)).

Let K be a field of characteristic p. A finite commutative group scheme G over K is said to be a
truncated Barsotti-Tate group of level one (BT;) over K if it is annihilated by p and Im(V : G®) —
G) = Ker(F : G — GW)). A final sequence of length d is a map v : {0,1,...,d} — {0,1,...,d} satisfying
P(0)=0and (i —1) <) <¥(i —1)+ 1 for 1 <i < d. We frequently write ¢p = ((1),...,9(d)).

Let G be a BT} over K. For any subgroup scheme G’ of G over K and for any word w of V, F~1, we
define w- G’ inductively by V-G’ := VG'® and F~1.G" := Ffl(G’(p) NFG). Then there exists a unique
final sequence v of a certain length d such that for any word w of V, F~! we have ¢ (length(w - G)) =
length(Vw - G), see [15], (2.4). Thus we have a canonical map

FS: {BT; of length d over K}/K-isom. — {final seq. of length d}.

The following theorem was first obtained by Kraft [10]:
Theorem 2.1. If K is algebraically closed, then FS is bijective.

Let K be a perfect field. A polarized BT over K is a pair (G, ( , )), where G is a BTy over K and
(', ) is a non-degenerate alternating pairing on D(G) satisfying (Fz,y) = (x, Vy)? for all z,y € D(G), see
[15], (9.2). A symmetric final sequence of length 2g is a final sequence of length 2¢ satisfying (29 — i) =
g+(i) —i. An elementary sequence of length g is the sequence obtained by restricting a symmetric final
sequence of length 2g to {0,...,g}. (Abstractly, an elementary sequence of length ¢ is nothing but a
final sequence of length ¢.) Note any symmetric final sequence is uniquely determined by its elementary
sequence.

For a polarized BTy (G, (, )), its final sequence FS(G) is symmetric (cf. [15], (5.4)). Hence we have
a canonical map

ES : {pol. BT, of length 2g over K}/K-isom. — {elementary seq. of length g}.

We recall [15], (9.4) (see [13], (5.4) for a formulation in terms of the Weyl group):
Theorem 2.2. If K is algebraically closed, then ES is bijective.

For each elementary sequence ¢ of length g, the EO-stratum S, is defined to be the subset of A,
consisting of points y € A, where y comes over some field from a principally polarized abelian variety X,
such that ES(X,[p]) = ¢, see [15], (5.11). As shown in [15], (3.2), S, is locally closed in Ay; we consider
it as a locally closed subscheme by giving it the reduced induced scheme structure.

Let us recall the inverse maps of FS and ES respectively. For this the notion of final types is useful:

Definition 2.3. (1) A final type of length d is a pair (B, ), where B is a totally ordered finite set with
#B = dand § isamap B — {0,1}. We often write 6 = (6(b1),...,d(bq)), where B = {b; < --- < bg}.

(2) Let (B,9) be a final type of length 2g with B = {b; < --- < byg}. Let V : B — B be the map
sending b; to b) = bagi1_;. We say (B, d) to be symmetric if §(b) + 6(b") =1 for all b € B.



For any (symmetric) final sequence v of length d, we define a (symmetric) final type (B,d) by B =
{by <...<bq} and
6(bi) =1 —(i) + (i — 1). (2.3.1)

Clearly this correspondence gives a bijection from the set of (symmetric) final sequences to the set of
(symmetric) final types.

Let 9 be the final sequence of length d and (B, ¢) the associated final type. Write B = {b; < -+ < bg}.
In order to see the inverse map of 'S, it suffices to describe the Dieudonné module D(G) of a BT; G with
FS(G) = 1. Tt is known (see the proof of [15], (9.4)) that D(G) is isomorphic to the Dieudonné module
Ny which is a K-vector space with a basis indexed by B, simply say

d
Ny = P Kb, (2.3.2)
i=1
with the F and V-operations defined by
b)) if (b)) =0, —(=1)0 iy, i §(b;) =1,
F(bi) = ribe) A O .) V(r (b)) :== (=1) i o .) (2.3.3)
0 otherwise, 0 otherwise,
where 7 is the bijection
w5 {b1,...,ba} —— {b1,...,ba} (2.3.4)

defined by sending b; to by if 6(b;) = 0 and to bygyri—yp@) if 6(b;) = 1. If G is a polarized BTy,
then ¢ = FS(G) is a symmetric final sequence. It was shown in [15], (9.4) that the polarized Dieudonné
module D(G) is isomorphic to Ny, with the polarization ( , ) defined by (b;,b) = (—1)%®) if § = j and
zero otherwise.

Recall that there are two natural partial orderings on the set of elementary sequences of length g.

Definition 2.4. Let ¢ and ¢’ be two elementary sequences of length g.
(1) Wesay ¢ <ge@if ¢'(i) < (i) forall i = 1,...,¢g. This order is called the Bruhat-Chevalley order.
(2) We say ¢’ C p if S, is contained in the Zariski closure S, of S, in A,.
We shall use results of [15]:
Theorem 2.5. (1) S, is not empty and is quasi-affine for every .
(2) Any irreducible component of S, has dimension |¢| :=Y_, o(i).
(3) ¢ <sc @ implies ¢’ C .
(4) ¢’ C ¢ is equivalent to S, NSy, # 0.
Recall [3], Theorem 11.5 (with [1], (3.7), Step 2, also see [5], §4):
Theorem 2.6. S, is irreducible if S, & W,.

For two polarized BT1’s G and G’, the direct sum G @ G’ becomes a polarized BT canonically. Let ¢
and ¢’ be elementary sequences of G and G’ respectively. We denote by ¢ & ¢’ the elementary sequence
of G& G'. Clearly S, x Sy C Spa, holds.

Definition 2.7. Let ¢ and ¢’ be two elementary sequences. We say ¢ < ¢ if there exist elementary
sequences o, . . ., ¢; for some [ with 0 <[ < co such that

(1) ¢' =0 and ¢ = ¢y,

(2) for each ¢ (0 < i < I), there are elementary sequences «, § and v (depending on i) such that
w;=a®vand g;41 = F vy with a < .



Lemma 2.8. (1) ¢ <o o= ¢’ <.

2) ¢<p=y' Co.
Proof. (1) follows from the definition. (2) It suffices to show that 1 C @3 for 1 = a®y and p2 = Sy
with a <z . Clearly we have S, x S, C Sg x S, C Sg x Sy C S,,. Here we used Theorem 2.5 (3) to

see the first inclusion. Since S, x Sy is not empty (Theorem 2.5 (1)) and is contained in S,,, we have
Spy NSy, # 0. Then 1 C o follows from Theorem 2.5 (4). O

Remark 2.9. (1) ¢’ < ¢ does not imply ¢’ <. ¢. Indeed put ¢ = (0,0,1,2,2) and ¢’ = (0,1,1,1,1).
Since ¢ = (0,1,1) ® (0,1) and ¢’ = (0,1,1) & (0,0), we have ¢’ < ¢. However obviously ¢’ €sc ¢.

(2) ¢ C ¢ does not imply ¢’ < . See [3], Example 9.5 (iii): for ¢ = (0,0,1,2,3,3) and ¢’ =
(0,1,1,2,2,2) we have ¢’ C ¢ and ¢’ £ ¢.

(3) Quite recently in [22] Wedhorn determined when ¢’ C ¢ in terms of Weyl groups. In this paper we
do not use his result.

2.4 Central streams
For a segment (m,n), we define a p-divisible group H,, , over F, (cf. [8], 5.3) by

m+n—1

D(Hpnn) = P Zpx; (2.4.1)
=0

with F,V operations: Fz; = x4, and V&; = Titm, where z; (i € Z>pyy) are defined as satisfying

Titmin = pai for i € Zsg. For a Newton polygon & = S'_ (my,n;), we write H(E) = @'_, Hp, n,,

which is called the minimal p-divisible group defined by £. Note the Newton polygon of H () equals &.
For any symmetric Newton polygon £, we set

Ze={r=(As,pz) € Ay | A[p™]® Q =~ H(¢) @ Q, for some Q =Q D k(z)},

which is a closed subset of W,? by [17], (3.3); we consider it as a closed subscheme of VVg0 by giving it
the reduced induced scheme structure. We call Z¢ the central stream defined by &, see [17], (3.10). By
[17], (3.7), there exists a principal quasi-polarization u on H (&), which is unique up to isomorphism of
H(&). We set ¢ :=ES(H(§)[p], n[p]). Then Oort’s theory [18], (1.2) on minimal p-divisible groups shows
that the central stream Z¢ coincides with the EO-stratum S,.. By Theorem 2.6, Z is irreducible if £
is not supersingular 0. Let x be the ordinary Newton polygon; then we have ¢, = (1,...,g); hence
dim Z, = |¢,| = g(g + 1)/2 by Theorem 2.5 (2). For the supersingular case o, we have ¢, = (0,...,0);
hence the dimension of any irreducible component of Z, is ¢, | = 0.

3 Main theorem

For two symmetric Newton polygons & and ¢ of height 2g with ¢ < £, we set

c(&¢) =2 > (C()—&@)

1<i<g

and ¢(€) = ¢(§; o). This is an easy way to define the value ¢(€), but is not sufficient for doing computations,
see [20], (5.3) for various alternative ways to compute c(§).
As our main result in this paper, we shall show:

Theorem 3.1. Let £ and ¢ be two symmetric Newton polygons with ¢ < €. Then there exists a series
00, -+ Pe(e;c) of elementary sequences of length g such that

w¢=po < P1 <ot < Pe(gie) = Pe



It is not too much to say that this theorem is for the three corollaries below. The corollaries are more
meaningful than this theorem itself. Let Z denote the Zariski closure of Z¢ in A;. Then we have

Corollary 3.2. Z: C Z¢ if and only if ¢ < .

Proof. Assume ¢ < €. Theorem 3.1 says in particular ¢ < ¢¢. Then we have ¢ C ¢¢ by Lemma 2.8
(2). The “only if”-part follows from Grothendieck-Katz ([9], Theorem 2.3.1). O

Remark 3.3. Corollary 3.2 was expected in [17], (6.10).
We give a new proof of the dimension formula of Z¢, which was first obtained in [20].
Corollary 3.4. We have dim(Z¢) = ¢(&).

Proof. Let x be the ordinary Newton polygon. We know dim(Zy) = g(g+1)/2 = ¢(x) and dim(Z,) =
0 = ¢(0). By Theorem 3.1 we have dim(Z¢) — dim(Z;) > ¢(§;¢) for any symmetric Newton polygons
¢ < ¢ Applying this to 0 < € and £ < x, we have ¢(0) + ¢(&;0) < dim(Z¢) < ¢(x) — e(x; ). Since
c(o) +c(&0) = c(§) = c(x) — c(x; €) by definition, we obtain dim(Z¢) = ¢(§). O

In [17], (6.9) Oort conjectured
Conjecture 3.5. If W2 NS, # 0, then Z¢ C S,.

For an elementary sequence ¢, let &, be the Newton polygon of a generic point of S,. (This definition
is independent of the choice of the generic point. Indeed by Theorem 2.6, S, is irreducible if it is not
contained in W,, and otherwise every generic point of S, has the supersingular Newton polygon o.)

Now clearly W& NS, # 0 holds; hence Conjecture 3.5 implies Z¢, CSp. Let us show that the inverse
holds:

Corollary 3.6. Z¢, C STD implies Conjecture 3.5.

Proof. Assume Z¢, C S, If Wg NS, # 0, we have { < &, by Grothendieck and Katz ([9], Theorem
2.3.1); then Corollary 3.2 implies Z¢ C Z¢_, which is contained in S, by the assumption. O

Remark 3.7. In [7] we shall prove Z¢ C S,.

4 Direct sums of BT;’s

As written in §1, we need to investigate the final sequence ¢ of H(&)[p] = @, Hm,n;[p], where { =
>;(m;i, ;). Although we can not give a general formula of ¢, it is possible to compute ¢ for each
example. In this section, we explain a way to determine the type of the direct sum of BT;’s in term of
final types, and show some properties of 1) used later on.

4.1 A basic fact on final types
Let (B,0) be a final type. The purpose of this subsection is to prove

Proposition 4.1. Let 7 be an automorphism of B such that w(b') > w(b) < 6(b') > §(b) for any b,b' € B
with b’ < b. Then 7 coincides with ws defined in (2.3.4).

We need a lemma:
Lemma 4.2. Let 7 be as in the proposition above. Let b and b’ be elements of B.
(1) If 6(v') < 6(b), then w(b') < m(b).
(2) If 6(b) = 6(V'), then b < b < w(b') < w(b).



Proof. (1) Suppose §(b') < §(b). Obviously we have b # b'. If b’ > b, then 7(b’) < 7(b) holds. Thus we
may assume b’ < b. Since 6(b') < §(b), we have 7(b') < 7(b). Since 7 is an automorphism and b # ', we
have 7(b") < m(b).

(2) Suppose 6(b) = §(V'). First we prove b’ < b= w(b') < w(b). Assume b’ < b. Since §(b) < 4(V'), we
get w(b') < w(b); by ' # b we have w(b') # w(b); hence w(b') < w(b). Exchanging the roles of b and b', we
have b’ > b = w(b') > w(b). Also obviously ¥’ = b = 7(b') = w(b); thus we have b’ > b = 7(V/) > 7 (b);
this means b’ < b < 7w(b') < 7(b). O

Proof of Proposition 4.1. Let B = {b; < --- < bg} and set B_ = {b € B | §(b) = 0} and By = {b €
B | 6(b) =1}. Put dy =fB_. Let f_ and f be the order preserving bijections

f_: B_ _— {bl,...7bd0},
(4.1.1)
f+ : B+ — {bd0+1,...7bd}.

Then Lemma 4.2 shows that 7 has to satisfy

() it beB
ﬂw{ﬁ@ it beB,. (4.1.2)

Note 7 is uniquely determined by (4.1.2). Hence we obtain ms = 7, since 75 in (2.3.4) also satisfies the
condition that ws(d’) > ws(b) < 0(b') > 0(b) for any b, b’ € B with b’ < b. O

4.2 Direct decompositions of final types

We investigate direct decompositions of final types.
Let B = (B,0) be a final type. Let C be a subset of B and set € = §|¢c. We call C = (C,¢) a final
subtype of B if w(C) = C, in which case we have 7|c = 7. by Proposition 4.1.

Definition 4.3. We call B indecomposable, if B has no proper final subtype, or equivalently B consists
of one m-cycle. (Note that B is indecomposable if and only if the BT; associated to B is indecomposable,
see [19], (1.5).)

Let B = (B,d) be a final type and C = (C,¢€) a final subtype of B. Put ¢/ = B\ C. Then clearly
m(C") = C" holds; hence we have a final subtype C' = (C’,§|¢/) of B. In this case we write B as C ® C'.
Let G, H and H' be the BT;’s associated to B, C and C’ respectively. Then we have G ~ H & H' by
(2.3.2) and (2.3.3).

Let I be the set of isomorphism classes of indecomposable final types. A multiplicity function on I
is a map e : I — Z>¢ sending almost all to zero. For every final type B = (B,J), there is a unique
multiplicity function e on I such that B = @, C®¢(©).

4.3 Computation of direct sums of final types

Now we present a way to compute direct sums of final types. The goal is to prove Corollary 4.8.

Before getting into the details, we give a remark. In [15], (2.2) we find an ordering on the set of words
of F and V=1 (cyclic infinite words will be used below), which is closely related to our computation. If
we associate such words to the 2-adic expansions of elements of [0,1] C R by assigning 0 to F and 1 to
V=1 then the ordering coincides with the usual ordering on R. The following formulation is based on
this fact.

Let D be the ordered subset of [0, 1] consisting of u € [0, 1] with cyclic 2-adic expansion u = Y, ;27!
(a; =0 or 1), where “cyclic” means that for some d € N we have a;14 = a; for all [ > 1; taking a minimal
one among these d’s, we write u = [aq,...,aq] and call d the period of u. Let U be the product D x N
with the lexicographic ordering. We define the partition map v : U — {0, 1} by sending (u,v) € D x N to
agq, where u = [ay,...,aq]. We define an automorphism 7 of D by 7([a1,...,aq]) = [ag,a1,...,a4-1].
This is extended to the automorphism of U defined by sending (u,v) to (7(u),v), which is denoted by
the same symbol 7.



Lemma 4.4. Let B be a finite subset of U which is T-stable. Put 6 = ~y|g. Then (B,4) is a final type
such that s = 7|p.

Proof. Let b = (u,v) and ' = (u/,v’) be elements of B. Write the minimal cyclic expressions of u and
u as [a1,...,aq] and [af,...,al, | respectively. Assume b’ < b. By Proposition 4.1, it suffices to show
7(b') > 7(b) & v(b') > v(b). Note 7(b) = (aq + 27 u,v) and v(b) = ag; hence we have to show

aly + 270" > (ag + 27w, v) <= dly > aqg. 4.3.1
d d

From the assumption b < b, we have (1) v/ < w or (2) v/ = u and v/ < v. For (1), clearly al, +27'u/ >
aq + 27 'u is equivalent a/, > a4. For (2), clearly al, + 27"/ = a4 + 27 'u; then both of v/ > v and
al, > aq are false and therefore they are equivalent. O

From now on, we shall show that any final type can be constructed as in Lemma 4.4. First let us
check the indecomposable case. For an indecomposable final type B = (B, ) of length d with 7 := =5,
we define a map

vg: B —— D (4.3.2)

by sending b to Y2, §(m ' (b))27".

Lemma 4.5. Let B = (B,6) be an indecomposable final type. If b,b’ € B satisfy (' (b)) = (7 (V') for
all i € N, then we have b =1". In other words vg is injective.

Proof. We assume b’ < b and derive a contradiction. Since B is indecomposable, there exists [ € N such
that & = w!(b). The conditions &(77 (b)) = §(7/ (b)) for all j < i imply 7¢(v') < m*(b) by using Lemma
4.2 (2) recursively. This means 7' (b) < 7(b) for all i € N, which contradicts §B < cc. O

Lemma 4.6. Let B = (B,0) be an indecomposable final type of length d and set v = vg. Then we have
(1) §=~ov: B D {0,1};

(2) vor=71ov;
(3) v(t') < v(b) if and only if b < b.

Proof. By Lemma 4.5, the period of v(b) is equal to d. Hence (1) follows from the straightforward
calculation: (y o v)(b) = y([5(x7L(b)),...,8(m=4(b))|) = d(x~4(b)) = §(b). (2) is obvious by definition.
(3) By the injectivity of v, it suffices to show v(b’) < v(b) = b < b. Note v(b') < v(b) means that there
is I € N such that (a) (7 ~*(V')) = 6(7~%(b)) for all 1 <4 < [ and (b) (7~ (V')) < d(x~!(b)). (b) implies
a1 () < 7711(b) by Lemma 4.2 (1). Then (a) shows b’ < b by using Lemma 4.2 (2) recursively. [

This lemma says that any indecomposable final type can be obtained as in Lemma 4.4, and also
implies that there is a canonical bijection from the set of 7-orbits in D to the set I of isomorphism classes
of indecomposable final types.

For a multiplicity function e on I, we consider the composition map

~

é: D —— D/(r)

I —— Zxg (4.3.3)

can

and put
U= ={(z,y) €U | y < é(a)}; (4.3.4)

then U<¢ is 7-stable and U=<¢ is a finite set; hence Lemma 4.4 defines a final type
USC = (U=, 5|p<e). (4.3.5)
Clearly U=¢ is decomposed into the direct sum Peer C®¢(©) | Thus we have

Proposition 4.7. For any final type B, there exists a unique multiplicity function e on I such that B is
isomorphic to US®.



This proposition tells us a concrete way to compute the direct sum of final types:
Corollary 4.8. (1) Let B be a final type of the form C®¢ for a certain indecomposable final type C. Let

B = (B,§) and C = (C,¢). Write (CY) e0)) = (C,e) for 1 <j <e and CY) = {c(lj) << cfij)}.
Then B can be given by

B={c" < .. <@ <) <...<c?

<<}
and §(ct?) = @ (D).

(2) Let CY) = (CW), W) be final types. We write CU) = {cgj) < < c((ii)} and set V9 = o).

Assume any pair of distinct CY9)’s have no common indecomposable factor. Set B = (B,§) =
@j CY). Then B can be given as follows. First B = |_|j CU) as a set and the ordering on B is
given by
, b< bt for b,b' € OV,
b<b <~ ) y ) N
v (b) < v forbe CY and b € CU) with j # j,

and the partition map 0 is given by 5(c§j)) = e(j)(cgj)),

Example 4.9. For the final sequences 9(!) = (0,1,2) and ¢ = (0,1), let us compute 1) @ ). Let
C% = (CW @) be the final type of (V). Write C1) = {cgl) < cél) < cgl)} and C(?) = {c§2) < 0(22)}. By
the rule (2.3.1) we have

(D), eV (), V() = (1,0,0),
(), ) = .0,

and by (2.3.4) or (4.1.2) the automorphisms 7.y of C¥) are given by

P S Pu—
(1) @ @,

P S
C(l) C
1
—

~— 2 7

From the definition (4.3.2) of v := vz, we have

V(l) (c(l)) = |705 07 1Ja 2
1) (D) v (e?) = [0,1],
v (ey ) = [0,1,0], V(Z)(C(Q)) =[1,0].
v (5 = 11,00}, . ’
Let B = (B,6) be the direct sum C") @ C®). Then by Corollary 4.8 (2), we have
B= {cgl) < cgl) < c§2) < cgl) < 0(22)}

with 6 = (1,0,1,0,0). Thus we obtain " @ ¢ = (0,1,1,2,3) by (2.3.1). Note 75 is given by

P
/’”“><—ATU\
Cgl) C(l) C§2) C Céz).

Since we will see () = P(2,1) and Y3 = Y(1,1) in Lemma 4.13, we have ¥2 1)4+(1,1) = (0,1,1,2,3).

4.4 The first jumping element of a non-étale final type

We say that a final type (B, 0) is not étale (or non-étale) if § # (1,...,1). Note that a BTy G is not étale
(i.e., G is not isomorphic to a product of copies of Z/pZ) if and only if its final type is not étale.

Let us define the first jumping element of a non-étale final type. This is a very simple notion, but it
plays important roles in this paper. In particular we shall see in Corollary 4.18 that the first jumping
elements are beautifully arranged in the direct sum of minimal non-étale final types, which is a key step
of our proof of the main theorem.



Definition 4.10. Assume B = (B, d) is not étale. Let 1) be the final sequence of 5.
(1) The first jumping element of B is the element b € B satisfying §(b) = 0 and §(b') =1 for all b’ < b.
(2) The first jumping number of 1 is the number J (1 < J < d) satisfying ¢(J — 1) = 0 and ¢(J) = 1:
Y =1(0,...,0,1,%,...,%).
HJ,_/
Note by is the first jumping element of B, where we write B = {b; < ... < bg}.
Let C = (C,¢) be a final subtype of B.

Definition 4.11. Assume C is not étale. The first jumping element of C considered as an element of B
is called the first jumping element of C in B.

We will use the obvious lemma:

Lemma 4.12. Let B = @221 B be a decomposition of B into some final subtypes. Assume all B are
not étale. Let by be the first jumping element of B in B. Then the first jumping element by of B is
equal to min{b;a),...,byw}.

4.5 Minimal final types

Now we investigate the final sequence ¢ of H(&)[p] = @, Hum, n,[p]- Let us begin with studying the case
Hp, n[p], where (m,n) is a pair of non-negative integers. The following was shown in the proof of [5],
Lemma 5.12:

Lemma 4.13. We have ¥y, n) = (0,...,0,1,...,m).
’ —— ——

Let Byy.n = (Bm,n; Om,n) denote the final type of ¢y, ,. By Lemma 4.13 and (2.3.1) we have
S = (1,...,1,0,...,0). (4.5.1)
——— ——
n m
We call By, , minimal of type (m,n). By (4.1.2) we have:

Lemma 4.14. Let (B,6) be the minimal final type By, with B = {by < -+ < bytn} and set 7 = 7.
Let p be the bijection from B to Z/(m +n)Z defined by mapping b; to the class of i — 1. Then we have a
commutative diagram

B —2— Z/(m+n)Z

dl [-n

B — Z/(m + n)Z.

This lemma gives us a simple proof of the following fact (cf. [19], (1.5) and (1.8)):
Corollary 4.15. If ged(m,n) = 1, then By, ., is indecomposable.

Proof. In the notation of Lemma 4.14, obviously B consists of one m-cycle. This means that B, is
indecomposable. O

By Corollary 4.8, we need only to have the formula of vg for each B = B, ,, with ged(m,n) =1, in
order to calculate the final sequence ¢ of H(&)[p] for a concretely given &.
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Lemma 4.16. Assume ged(m,n) = 1. Let B = By, ,, and write B = (B,§) with B = {b1 < -+ < byyn}.
Then for all 1 <r < m+n we have

(o)
S g lmemtsnrin i g
vp(br) = § 1

0 otherwise.

Proof. If n = 0, we have m = 1 by ged(m,n) = 1; then B = {b1}, 6(b1) = 0 and w(b1) = by; hence
vg(by) = 0. Assume n # 0. By Lemma 4.14 we get 7 *(b,.) = b,4n; for all i € N. Hence §(7~*(b,)) = 1 if
and only if for some [ € N we have (m+n)l < r+ni < (m+n)l+n, namely i = [{(m+n)l+n—r}/n|. O

From now on we collect some partial results on the final sequence ¢, or equivalently on the direct
sum of By, n,’s.

Proposition 4.17. Let (mi,n1),...,(ms,ny) be pairs of integers > 0 with ged(my,n;) = 1 and set
Ai =ng/(m; +ny). Assume A\ < -+ < N\, For 1 <i<t, let B® = By, .n, and write B® = (B(i),d(i))
with BY = {bﬁ” < < bfq?Jrn} Let B = (B,6) be their direct sum @, B". Then for e € {0,1} and

for integers a, B8 satisfying 1 < an; + fm; + ¢ < m; +n; for every 1 <i <t, we have

b(l) << b(t)

ani+pmi+e ang+Bmi+e (4'5'2)

in B=|], BY.

Proof. Put v = Vg . By Lemma 4.16, we have

Z 9= LU=B)/Xi]—a+p+1 for e = 0,
Z2—[(1—5)/)\i+(7u—1)/vuj—a+ﬁ _ 22—((1—5)/&:1—0(% for e = 1.
=1 =1

(Here(tt)hese sums are regarded as 0 if A\; = 0.) Hence A\; < --- < \; implies V(l)(b((y11il+ﬁml+8) <l <
(t)(b
v

st pm, ). By Corollary 4.8 (2) we have the inequality (4.5.2). O

Corollary 4.18. In the same notation as in Proposition 4.17, we assume my > 1 in addition. Then all

B are not étale and we have b(Jll) << bf]tt), where J; is the first jumping number n; + 1 of Y, ;-

Proof. By A; < A+ < 1, we get m; > 1 for all 1 < i < ¢. This means all B® are not étale. Set o = 1,
B =0and e = 1. Then we have 1 < an; + Bm; + ¢ < m; + n;. Applying Proposition 4.17 to this case,
we have b < .. < b)), O

Lemma 4.19. Let BY (i = 1,2) be the minimal final types Bu, n, with ged(mg,n;) = 1. Write B =

(B®W, 60 with B = {bgi) <-e < bfq?Jrn} Then in the direct sum BY @ B, we have by < bfjbzﬂ.

Proof. This follows from the computation of the first terms of vza) (bg,lli +1) and vge (bgl) Indeed since
[{(m1 +n1)+n1 —my —1}/ny] = 1 and |[{(m2 + n2) + no — ma}/na] = 2, we have VB@)(b,(ﬁg) <
VB<1>(b$3+1)‘ 0
Proposition 4.20. Let BY (i = 1,2) be the minimal final types By, n, with ged(mi,n;) = 1. Write
B = (B®, ™) with B® = {bgl) <. < b }. Set A; = n;/(m; +n;) and hy = m; +n,;. Assume

mi+n;

A <1/2 < X\y. Then (B,6) :=BY @ B can be given by

(1) B={b{") < <bly) <b? <o <pf) <oV <<l <ol <<,

m 2

11



— —
2 6=(@1,....1,0,...,0,1,...,1,0,...,0,1,...,1,0,....0).
—_——— —— —— —- — ———

ma mao ny no

Proof. (2) follows from (1) and (4.5.1). Let us prove (1). First we consider the case A\ < 1/2 < Ag. We
use an auxiliary final type C = (C, €) defined by C = {¢1 < 2}, €(c1) =1 and €(c2) =0 (i.e., C ~ By 1).
By Proposition 4.17, we have b,(%i < (e=0a=00F=1)and ¢ < b§2) (e =1, = 0,8 = 0); hence
bﬁ,{i < b§2). Similarly bgl) <ec(e=0a=1,6=1) and ¢5 < bgi-&-l (e = 1,a = 0,8 = 1); hence
by <0l We showed b)) < b)), in Lemma 4.19.

By looking at the relation between B(Y) and C in the above argument, we obtain a proof of the case
A1 < 1/2 = Xo. Similarly we can prove the case A\ = 1/2 < Ag. The case \; = 1/2 = Ay is obvious by
Corollary 4.8 (1). O

Example 4.21. The m-cycles of B3 2 and By 2 in B3 @ By 2 are as follows:

. 1 1 1 P) 1 1 2 2
Bsa: b(l) b( ) b( ) b( ) b( ) bé) bé) b;(g )’
. 1 1 1 %) 1) (1) O (2
s L LYt

By Proposition 4.20, we can determine how the elements of B,,, ,,, and By, », are shuffled if A\; <
1/2 < Ay. Thus clearly we have

Corollary 4.22. Let n = Y.._,(mi,n;) be a Newton polygon with n;/(m; +n;) < 1/2. Let & be the
symmetric Newton polygon s(1,1) + Zle(mi,ni) + (ni,m;) for s € Z>g. Setm =73, m; andn="73.n;
and g =m+n+s. Put C =@ Bm,m, and B=C® B, ®CY and write C = (C,¢) and B = (B, )
with B = {bl <0< bgg}.

(1) The decomposition B = C U B, U CY is given by
C = ‘{bl, e 7bm7bg+17 N ;bg+n}7

Bs,s = {bm+17 sy bm-‘y—sa bg+n+17 ce 7bg+n+s}a
Vo
CY = {bmyst1,-->0g,bgrnyssts - b2},

(2) The elementary sequence @¢ of H(&)[p] is equal to
(hn(1), ..., 0p(m),m —n,...,m—n).

n+s

Example 4.23. Consider the case n = (m,n) and £ = (m,n) + s(1,1) + (n,m). By Lemma 4.13 and
Corollary 4.22 (2), we have

we=1(0,...,0,1,2,...,m—n,m—n,...,m—n). (4.5.3)
——

n m—n n+s

5 Quasi-cycles in final types

In §4 we investigated 1¥¢. Next we have to study the interrelation between 1 and ¢ for ¢ < &. In §6
and §7 we shall explain “surgery”, which is a basic tool to produce ¢ from 3¢. By surgery we mean a
procedure to cut m-cycles into some pieces and join the pieces into new cycles, where each piece will be
a quasi-cycle. In this section, after introducing the notion of quasi-cycles, we explain a way to construct
a new final type from a quasi-cycle in §5.2, and we show some basic results on quasi-cycles in minimal
final types in §5.3.

12



5.1 Definition of quasi-cycles
Let B = (B,d) be a final type and set = = 7.

Definition 5.1. (1) A 7w-path of length [ in B is an ordered subset I of B with §I" =1+ 1 of the form
{mi(x) | 0 <i <1} for some x € B. We write I' as 'y, where y = 7! (x).

(2) Let I' =T';y be a m-path in B. We call " a quasi-cycle in B if « # y and there is no element z of I'
satisfying z < z < y or y < z < z. We frequently write I' as

x v. (5.1.1)

N

r

Example 5.2. Assume B is indecomposable. Then any adjacent elements z < y of B define two quasi-
cycles I'y, and T'y,. For example we consider Bs o = (Bs2,032) with B3 o = {b1 < --- < bs} and put
x = by and y = bs. The practical figures of (5.1.1) in this case are as follows:

].—‘yzi bl@ZM b57
Tay: bt @ Y by bs.

5.2 The final type associated to a quasi-cycle

To a quasi-cycle I' = I'y,, in B, we associate a new final type Br = (f, 5) We define T to be the totally
ordered set I' \ {z}, and define § : I" — {0,1} by

5 {5(2:) if c=uy,

d(c) otherwise

for any c e I'. Put 7@ = 5.
Lemma 5.3. We have 7(c) = 7(c) for all ¢ € T\ {y} and 7(y) = =(z).

Proof. Let 1 be the order preserving bijection from I to T \ {y}, ie., 2(c) = cfor ¢ # y and o(y) = x. Tt
is clear that ~ ~
0(c) =0(e(c)) forany beTl. (5.2.1)

The lemma is equivalent to the commutativity of the following diagram:

r —Z~- T

P\ {y} —— I'\{a}.

Proposition 4.1 says that 7 is uniquely determined by the condition 5(c') > 8(c) & 7(c') > 7(c) for any
c,c € I'with ¢’ < c. Similarly 7|p\ g,y is uniquely determined by the condition §(b") > 6(b) < m(b') > w(b)
for any b,0' € '\ {y} with ¥’ < b. Hence (5.2.1) shows that the diagram is commutative. O

(5.2.2)

By the lemma above, we see that Br is obtained from I' only by sticking = on y; hence in §6 and §7
we shall express the association I' — Br as

x Yy — x Y

NS @)
r

Br

since we will not touch other parts during surgery. Compare Example 5.2 and the following:

13



Example 5.4. In the notation in Example 5.2, the figures of Br,, and Br,, are as follows:

e e e S
b1 T YET b bs

From this we have Br,, ~ Bo 1 and Br,, ~ By (cf. Example 4.9). This is closely related to the inequality
(3,2) < (2,1) 4+ (1,1) of the Newton polygons(!), see Lemma 5.6 below.

5.3 Quasi-cycles in minimal final types

Let C = (C, €) be the minimal final type B, , with gcd(m,n) =1 and m,n > 0. Let us describe the final
types Br,, and Br,, for any adjacent elements x < y of C.

Lemma 5.5. Let m,n be positive integers with ged(m,n) = 1. The following conditions of non-negative
integers my, Ny, Mo, No with m = my + Mo and n = ny + Ny are equivalent:

(1) mine —NiMmy = 1,'

(2) mn =1 (modm) with 0 < m; < m and nym = —1 (modn) with 0 < n; < n. Note such my,ny
uniquely exist, and then mo, Ny also exist and are determined by mo = m —my and no =n — Ny,

(3) we have an inequality (m,n) < (mq,nq) + (M2, n2) of Newton polygons:

m,n
( ) ) (m27n2)
ny no
mi+ng ma+ng

(m1,m1)

such that the area of the triangle is 1/2.
Let my,ny, my and ny be the non-negative integers satisfying one of the conditions in Lemma 5.5.

Lemma 5.6. For any adjacent elements x <y of C', we have Br,, >~ Bun, n, and Br,, >~ B, n,-

yT

Proof. First note that a final type B’ = (B’,4’) is minimal of a certain type (m’,n’) if and only if
8 (') =8 (") for all b < b".

Since I'y, is an ordered subset of C, we have €(c) > €(c’) for any ¢, ¢’ € I'y, with ¢ < ¢/; hence By, is
minimal of a certain type (mj,n}). Similarly Br,, is minimal of a certain type (mj, n5). Note m|+m) =m
and nj +ny = n. By Lemma 5.5, in order to prove (m},n}) = (my,ny) and (m}, n) = (mo, ny), it suffices
to show that min, — min} = 1 or equivalently mjn — mn} = 1. Write C = {¢; < -+ < ¢myn}. Note
Te(ci) = Cigm if 1 <@ <nand mc(c;) = ¢i—p if n <@ <m+n by Lemma 4.14. Let T'y, \ {z} = {¢;1) <
“+ < Cj(m/4n))}- We have

Wg(Cj(i)) — Cj(i)+m for IIS 7 S n/h/ ,
Cj(i)—n for ny <i < m) + .
Since m(Lyz \ {}) = Lyz \ {y} and & <y are adjacent in C, we have myn —mnj = 1. O

Let B = (B, J) be a final type and set m = m5. Assume that B contains C = B,, ,, as a final subtype.
For later use we shall give a sufficient condition for that I'y, contains the first jumping element of C in
B. Write B = (B, ) with B = {b; < --- < ba}. Let by(c) be the first jumping element of C in B.

Lemma 5.7. Let x <y be adjacent elements of B with v,y € C. Assume 6(z) = 6(y) and byc)41 € C.
Then we have bycy € T'yz \ {y}

14



Proof. First note y # by(c) by 6(z) = d(y), because for any adjacent elements ¢’ < ¢ of C' we have
6(c)#£6(c) <= c=byq). (5.3.1)

For any ¢ € C, let v(c) denote the smallest non-negative integer i satisfying ©'(c) = byc). We assume
brey & Tye \{y} (i-e., bycy € I'zy \ {x}) and derive a contradiction. Let [ be the smallest positive integer
satisfying 7! (y) = 2. Then we have v(y) = [ + v(x). Let us prove by induction:

Claim: 7/(z) and 7/ (y) are adjacent in B with 7/(z) < 7/(y) and §(7?(z)) = &(w?(y)) for all
0 <j<w(x).

This is obvious for j = 0. Assume Claim holds for j — 1. Then we have 7/ (z) < 7/(y) by Lemma 4.2
(2) and moreover 77 (z) and 7/ (y) are adjacent by (4.1.2). Since j < v(z) < v(y), we get 7 (y) # by(c)
by the definition of v(y); hence §(7/(x)) = (77 (y)) by (5.3.1). Thus Claim holds for j.

Claim for j = v(z) says that b;) and ¥ (y) are adjacent in B with brey < @) (), namely
U@ (y) = bjc)+1- This contradicts bycy41 € C. O

6 Surgeries - the unpolarized case

For a final type B = (B,d), we can construct a new final type by a “small” modification of J, called a
twist. In some cases, we find some beautiful relation between the old final type and the new one. Then we
call those operations surgeries. By using surgeries, we derive some inductive formulas of 9)¢’s (Corollaries
6.4, 6.7, 6.10 and 6.12).
6.1 Twists
Let B = (B, ) be a final type. Let x be a permutation of B.
Definition 6.1. The twist by x of B is the new final type (B,d o k).

Put B ={be B | () =0} and By ={be B|4(b) =1}.
Lemma 6.2. Assume that k= |p_ and f1_1|BJr preserve order. Then we have w50, = Ts O K.

Proof. This follows from (4.1.2) and the assumption. O

6.2 Cutting - an indecomposable final type

Let B = (B,d) be an indecomposable final type. Suppose we are given adjacent elements 2 < y of B such
that

5(z) # 8(y). (6.2.1)

We have two quasi-cycles I'y, and I'y,, in B:
Tye
N
B: =z Y- (6.2.2)
N
Fay

Let ¢ be the transposition (x,y). Let B’ = (B,d’) be the twist by 2 of B. By Lemma 6.2, we have
T = ms01. Set ™ = Wy,

Lemma 6.3. We have B’ ~ Br,, @ Br,, -



Proof. Clearly B’ consists of two n’-cycles: one is obtained from I'y, by sticking y to « and the other is
obtained from I'y, by sticking  to y, i.e., the 7’-cycles in B’ are written as:

Bry, Brg,

R

with §'(x) = d(y) and ¢’ (y) = §(x). Thus we obtain B’ ~ Br

B (6.2.3)

&) Bme' O

yT

We consider the case B = (B,d) = By, n. Write B = {b1 < -+ < by }. Then (x,y) := (b, bpt1)
satisfies (6.2.1) by (4.5.1). Let B = (B, d’) be the twist of B by (z,y) as above. Since § is of the form
(4.5.1), we have

& =(1,...,1,0,1,0,...,0). (6.2.4)
N—— S~——

n—1 m—1

Corollary 6.4. Let (my,ny) and (mg,ng) be as in Lemma 5.5. Then we have

w(ml,n1)+(m2,ﬂ2) = (0’ ...,0,1,1,... 7m)~
n—1 m

Proof. By Lemma 5.6, we have Br,, ~ B, n, and Br,, >~ Bn, n,. Hence we obtain B’ ~ By, n, ® By n,-
Then the corollary follows from (6.2.4) and (2.3.1). O

Example 6.5. Consider the case (m,n) = (3,2) and set B = Bs2; then we have (m1,n1) = (2,1)
and (mg,ng) = (1,1). Put (z,y) = (be,b3). Let B’ be the final type twisted by (z,y). Then we have
B’ ~ By 1 @ Bi,1. In this case we have (39) = (0,0,1,2,3) and ¥(2,1)4(1,1) = (0,1,1,2,3) (cf. Example
4.9). The practical figures of (6.2.2) and (6.2.3) in this case are as follows:

T T
B: b x y by bs,

Y— T

BFyr BFzy
L T sy T
B': b — T Y= b Sbs

6.3 Low cutting - a final type with two factors

Let C; = (C1,€1) and Cy = (Cq, €2) be two indecomposable final types. Let B = (B,d) = C; $Cs. Assume
we are given adjacent elements x < y < z of B such that

{<6<w>,6<y>,6<z>> = (0,0,1), (63.1)

z,y € Cq and z € Cs.

Then the 7-cycles in B are written as

Cy C
B X Y z
N
Cay

Let % be the cyclic permutation (z,y, ). Let PIB = (B, 2§, Plr) be the twist by . By Lemma 6.2, we
have
Clr = 7ok, (6.3.2)
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Then Pl7-cycles in [2!B are written as
Cig: y z (6.3.3)
Bme

with (Ps(z),25(y),215(2)) = (1,0,0), where the complement of Br,, in 2B is isomorphic to the twist
1By by (x,2) of By = (By,61) deﬁned by

Bryz Co
'
A/ O
B : x z (6.3.4)

with (d1(z),d1(2)) = (0,1). Thus

Proposition 6.6. We have 2B ~MNB, & By , where B, = Br,, ®Ca.

xy?

Consider the case C; = B,,,1) ,) and Ca2 = B,,,2) ,2) with 0 < nM /(m® +nM) < ) /(m?) £n(?),
Assume that we are given a triple (x,y, z) satisfying (6.3.1). Let (my,n;) and (mg, ng) be as in Lemma
5.5 for (m,n) = (mM nM). Put £ = (MM, nM) + (mP n®) and ¢ = (my,n) + (M?,n?), and also
0 = (mz,nz).

1) 4, @)

;nt) (6.3.5)
By Lemma 5.6, we have Br,, ~ By, n, and Br,, =~ Bn, ., Hence the final sequence of By (resp. Br,,)
is ¥ (vesp. 1b,). Let Plye (vesp. [ihes) denote the final sequence of 1B (resp. [1B;). Note 2y and
(Weper depend on the choice of (z,y, 2). In this case Proposition 6.6 is expressed as

Corollary 6.7. We have Plpe = Miper @ 4,
Example 6.8. Consider the case C; = Bs; and C2 = B; ;. In this case we have { = (3,1) + (1,1) and
¢ =(1,0)+ (1,1) and also o = (2,1). Note ¢ = (0,1,2,2,3,4) and ¢ = (1,1,2) and ¢, = (0,1, 2).

Let B = (B, ) be the direct sum C; @ Co and write B = {by < ... < bg}. Set (z,y,2) = (ba,bs, bs). The
m-cycles in B are written as

Lya C1
AN TN

T e
Mbﬁ

Tuy

Ca
B: b1

with (6(b1) ..,0(bg)) = (1,0,0,1,0,0). Thus (z,y, 2) satisfies (6.3.1). Hence we have [2lype = Mape @ 1p,,
where 12l = (0,0,1,2,3,4) and ¢per = (0,1,2). Let us draw the practical figures of (6.3.3) and (6.3.4):

[1151
Y- e S S
RCIg. b T y W be
Br,,
and
Br,,
S .
B : T z C b
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6.4 High cutting - a final type with two factors

Let C; = (C1,€1) and Cy = (Cy, €2) be two indecomposable final types. Let B = (B, §) = C; ®Cy. Assume
that we are given adjacent elements x < y < z such that

{<5<x>,5<y>,5<z>> = (0.1,1), (6.4.1)

x € Cr and y,z € Cs.
This case can be seen as the “dual” of (6.3.1). The m-cycles in B are written as
Cl C2
» KT\
: x Yy z
N

Ty.

B

with (6(x),8(y),d(2)) = (0,1,1). Let & is the cyclic permutation (z,y, 2). Let 2B = (B, 2§, 2l1) be the
twist by k. By Lemma 6.2, we have

Clr = nok. (6.4.2)
Then Plr-cycles in 2B are written as
Br.,
Clg. =z /Q:UD\ z
\___,/
1B,

with (216(2),128(y), 26(2)) = (1,1,0), where M, is the twist by (x, 2) of By = (Bi,d1)

Cy Bryz
{ '
O O)
B : T z

with (d1(x),d1(2)) = (0,1). Thus
Proposition 6.9. We have BB ~ 1B, @ Br.,, where By = Br,, © C1.

Consider the special case C1 = B,,1) ,) and Ca = B,,2) 20 With nM /(m®) +nM) < @ /(M) 4
n(?)) < 1. Assume that we are given a triple (x,y, z) satisfying (6.4.1). Let (my,n;) and (mg, n2) be as in

Lemma 5.5 for (m,n) = (m® n®). Put & = (MW, nM) + (Mm@ n?) and & = (MM, nM) + (mg, ny),
and also ¢ = (my,nq).

(m®, nM) & (6.4.3)

By Lemma 5.6, we have Br_, ~ B, n, and Br,, =~ By, n,. Hence the final sequence of By (resp. Br,,)
is 1er (vesp. 1,). Let Py (vesp. [Uaher) denote the final sequence of 213 (resp. [1B;), which depends on
the choice of (z,y, z). In this case Proposition 6.9 is expressed as

Corollary 6.10. We have Plpe = Myper @ 4,

18



6.5 High and low cutting - a final type with two factors

Let C; = (C1,€1) and Cy = (Cy, €2) be two indecomposable final types. Let B = (B, §) = C; ®Cy. Assume
that we are given adjacent elements w < x < y < z such that

{<a<w>,6<m>,a<y>,6<z» = (0,1,0,1), 65.1)
w,y € C1 and z, z € Cs.

Then the figure of 7-cycles in B is as follows:

C1 Ca

B: w x Y z. (6.5.2)
e~ T T

Let & be the permutation (w,z, z,y) = (w,z)(y, 2)(z,y). Let BIB = (B, Bl Blx) be the twist by x. By
Lemma 6.2, we have Blr = 7 o k. Then the Blr-cycles in BB are written as

Breey,
(Y B

g e T

Brwy

with (Bls(w), Blo(z), Blo(y), Blo(2)) = (1,1,0,0), where By is the twist by (w, z) of By = (B, ;) defined
by

Bryw Br,,.

M

) )
By : w z

with (8, (w), 01 (2)) = (0,1). Thus

Proposition 6.11. We have 3!B ~ NB, @& By, where By = Br,, © Br., and By = Br,,, © Br,. .

yw

Consider the case C; = B,,,1) , and Co = B,,2) ,» with 0 < nM/(m® + nM) < n@ /(Mm@ +
n?) < 1. Assume that we are given a quadruple (w, z,y, z) satisfying (6.5.1). Let (my,n), (ma, ny) and
(m},n}), (mh,nb) be as in Lemma 5.5 for (m™,n()) and (m®,n(?) respectively. Put &€ = (m*), n()) +
(m® @) and ¢ = (my,ny) + (mh,nh), and also o = (M2, ng) + (M), n}).

(m7,n7)

(m2,n2)

(m(l)’ n(1>)

(6.5.3)

By Lemma 5.6 we have Br,,, ~ By, n, and Br,, =~ Bu,n, and also Br,, =~ By, w and Br,, >~ By g
Hence the final sequence of By (resp. Bs) is ¢ (resp. ,). Let [3]¢§ (resp. [111/15/) denote the final
sequence of P1B (resp. [11B;), which depends on the choice of (w,z,y, z). In this case Proposition 6.11 is
expressed as

Corollary 6.12. We have Blyye = Wyper @ 1,

7 Surgeries - the polarized case

We need to investigate surgeries of symmetric final types. In this case we have some inductive formulas
of elementary sequences ¢ (Corollaries 7.5 and 7.8). In §8, by using these inductive formulas, we shall
show ¢¢ C ¢ for ¢ < €.
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7.1 Symmetric twists

Let B = (B,d) be a symmetric final type. Let £ be a permutation of B such that x(b¥) = x(b)V for all
be B.

Definition 7.1. The (symmetric) twist of B by k is the new symmetric final type (B,d o k).
By Lemma 6.2, we have

Lemma 7.2. Assume k™ !|p_ and /<a’1|3+ preserve order. Then we have 750, = 75 O K.

7.2 Cutting - a symmetric final type with two asymmetric factors

Let C = (C, €) be an indecomposable final type. Let B = (B, d) be the symmetric final type C®CY. Write
B:{bl < .- <b29}.
Assume that we are given adjacent elements z < y < z of B with 2z < b, such that

{<a<x>,6<y>,6<z>> = (0,1,1), (7.2.1)

zeCandy,zeCVand z¥ €Ty,.

Then the 7-cycles in B are written as

Let  be the permutation (z,v, z)(zY,y",2Y). Let B? = (B, 5P, 7[?) be the twist by x. By Lemma 7.2,
we have 72l = 7 o k. Then the nl%-cycles in BI? are written as

Brzy

Brv
ry,

with (6B)(z), 6P (y), 6P1(2)) = (1,1,0), where Bgﬂ is the twist by (z,2)(zY,2Y) of By = (By,d1) defined
by
Bl";l/z Br‘yz

Bi: =z /’W‘z’?\ zV
T T
with (d1(z),01(2)) = (0,1). Thus
Proposition 7.3. We have B2 ~ Bgﬂ ® Bz, where By = Br,, ® Bry, and By = Br,,  Bry_.

Next we shall investigate the case that we are given adjacent elements z¥ < y = b, such that

{(a<zV),6<y>> = (0,1), (7.2.3)

z¥eCandyeCV.

We call this case the confluent case, because this case can be regarded as obtained by putting “z = 2V
and y = b,” in (7.2.1).
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Then the 7w-cycles in B are written as
B: 2V Y Yy z. (7.2.4)

Let & be the permutation (2¥,,z,y") = (2¥,y)(z,y¥)(y,y"). Let BP = (B, 5P, 72} be the twist by .
By Lemma 7.2, we have 7(2l = 7 o k. In the same way as in §6.5, we obtain

Proposition 7.4. B ~ Bgl] © By, where By = Br., & Bry, and Bgl] is the twist by (2¥,z) of By =
Bryz D BFZz .

Consider the case C = By, , with m >n > 0. Let B=C®CY. Let (my,ny) and (mg,n2) be as in
Lemma 5.5. Assume that we are given a triple (z,y, z) satisfying (7.2.1) or a pair (z",y = by) satisfying
(7.2.3). Set &€ = (m,n) + (n,m) and £’ = (my,ny) + (ny,my) and also g = (Mg, n2) + (g, mz).

¢ (
(my,ny) (7.2.5)

ﬂ1,m1)

By Lemma 5.6, we have Br‘;/y @ Br,, =~ Bu,n, © Buym, and Br‘;/z ® Br,. =~ Bm,n, ® Bn,,m,- Hence the

final sequence of By (resp. Ba) is e (resp. ¢,). Let <p[;] (resp. cpél,}) denote the elementary sequence of

B2 (resp. Bgl]). Then in this case, Proposition 7.3 and Proposition 7.4 are expressed as

Corollary 7.5. We have <p[€] = 4,0[;,] D Y-

We give an example in the confluent case.

Example 7.6. Consider the case C = B3 1. Let { = (3,1)
and o0 = (2,1) + (1,2). Set B=C&®C"Y. Write B = (B,
sequence of B is p¢ = (0,1,2,2) and we have 6 = (1,0,0
the m-cycles in B are written as

+(1,3). In this case we have ¢’ = (1,0) 4 (0,1)
0) with B = {b; < --- < bg}. The elementary
,1,0,1,1,0). Put (2V,y) := (b3, bs). Note that

M\\
va

Hence (z2V,y) satisfies (7.2.3). Then BP! is given by

[1] Br.,

/’W\
bl b8

Brv
r‘zy

Confirm By ~ By o ®Bo,1 (with BE” ~ BBy 1) and pr @ Br,, ~ B2 1 ®Bj 2. Thus we have @22] = @[51,] D @,,
where cp[] (0,1,1,1) and <p[] (0) and ¢, = (0,1,1).

7.3 Reducing - a symmetric final type with certain three factors

Let C be an indecomposable final type. We consider the case B = (B,d) = C & By © CY. Write
B = {b; <--- <bayg}. Assume that we are given adjacent elements x < y < z with z < by such that

{<5<x>76<y>,6<z>> = (0,1,1),

7.3.1
xe€Candye€ By and z € CY ( )
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or (confluent variant): adjacent elements z¥ < y = b, such that

5(zV), 4 =(0,1
(0(z),0(y)) = (0,1) (7.3.2)
z¥ € Cand y € By1; weput z =2V,

Since 7(yY) = y and 6(yY) = 0 = §(2Y), we have m(z¥) = z by (4.1.2); similarly we also have
7(z) = z¥. Hence the figure of the m-cycles in B in the case (7.3.1) is as follows

™ ™
pTTYy = 22 — 2V sy zV

As in §7.2, let x be the permutation (x,y, z)(zV,y",2") for (7.3.1) and (2V,y, z,y") for (7.3.2). Let
B2 = (BRI 5P) be the symmetric twist by #. Set 72l = 752, Then 72l = 7o k. Let By =C @ CY be
the symmetric final subtype of B; then = < z is adjacent in By; let Bg” = (BF,(S%”) be the symmetric

twist by (z,2)(z",2").
Proposition 7.7. We have B2 ~ Bgl] @ Bi1.
Proof. Since 713 (y¥) = 7(2¥) = z and 7(z) = n(y) = y", we have the 7l@-cycle in B

vl 2] y

Y €T y -

This cycle gives a factor in B2, which is isomorphic to By ;. The remaining factor is B’ = (B’,¢’) defined
by B' = (By \ z) U {y} and & = 6!%|5/. Since §'(y) =1 = 551] (x), the map B’ to Bgl] sending y to z and
bto b for all b € B'\ {y} is an isomorphism as final types. O

Consider the special case C = By, . Let £ = (m,n) 4+ (1,1) + (n,m) and ¢’ = (m,n) + (n,m).

(7.3.3)

Assume that we are given a triple (z,y, z) satisfying (7.3.1) or (z¥,y = b,) satisfying (7.3.2). Let <p[£2]

(resp. <p‘[£1,]) be the elementary sequence of B! (resp. BP). In this case Proposition 7.7 is expressed as

Corollary 7.8. We have <p[52] = cp[;,] D va,1)-
Example 7.9. (1) Let ( =4(1,1) and £ = (2,1)+(1,1)+(1,2). Note &' = (2,1)+(1,2) and o = (1,1).
We have pe = (0,1,1,1) and e = (0,1,1). Note (z,y,2) = (b, b3, bs) satisfies (7.3.1). Then one
can check ¢f = ol ® p(11), ie., (0,0,0,1) = (0,0,1) @ (0).
(2) Let ¢ = 2(1,1) and £ = (1,0) + (1,1) + (0,1). Note ¢ = (1,0) + (0,1). We have ¢¢ = (1,1)
and pg = (1). Note (2V,y) = (b1,b2) satisfies (7.3.2). One can check (,0[52] = <p[él,] ® @a,), ie.,
(0,0) = (0) + (0).

8 Proof of the main theorem
Now we prove Theorem 3.1. In §8.1 we reduce our problem to three simple cases, and in §8.2 - §8.4 we
give a proof in each case. The proof is done by showing some inductive formulas of ¢¢’s (Corollaries 8.6

and 8.10 and Propositions 8.20 - 8.23). For this we shall prove that the results in §6 and §7 are actually
applicable (Lemmas 8.5, 8.9 and 8.18).
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8.1 Reduction to the three cases

Let ¢ and € be symmetric Newton polygons with ¢ < £&. The proof of Theorem 3.1 is by induction on the
number ¢(§; ) and the height of £. It suffices to show the case that
(S) (1) there is no symmetric Newton polygon n such that ( 2 n 2 &;
(2) ¢N¢ consists of finitely many points.

Indeed if there is a symmetric Newton polygon 7 such that ¢ 2 n 3 £, then by the induction hypothesis
there exist two series of elementary sequences

Ye=p10<- < Ple(nc) = Pn and Py =p20 << P2,c(¢;m) = Pe-

By e(€:¢) = (&) + e(n; ), we get a required series 910 < -+ < Pro(r0) < P21 < -+ < Pac(ey. I
¢N& contains a segment, then there is a symmetric Newton polygon ¢ such that { = ¢’ +pand £ =& + o
with ¢/ < ¢ and ¢(§;¢) = ¢(£;¢’). By the induction hypothesis, there is a series of elementary sequences
oo = @h < - < ¢é(§,;<,) = per. We set ¢; = ¢} @ @, for 1 < i < ¢(&;¢) = c(¢';5¢’). Then we have a
required series p¢ = o < -+ < Pe(eie) = Pe-

From now on we assume that { < £ satisfies (S). Let 2¢g be the height of &.

Lemma 8.1. One of the following three disjoint cases (A), (A’) and (B) occurs.
(A) €(9)

C(g) —1/2 € Z and the lower middle slope of & (the last slope over [0, g)) is less than 1/2.
(A)) Cl9) =¢&(9) +1/2€Z.

(B) &(9) =<(9) € Z.

Proof. First note for any symmetric Newton polygon 9 of height 2g, we have 29(g) € Z. If there is an
integer 7 with £(g) < i < ((g), then let n be the convex hull of ¢ and the point (g,%); then we have
¢ 2 n 2 &, which contradicts the assumption. Hence we have ((g) —&(g) = 0,1/2 or {(g9) —&(g) =1
with £(g),¢(g) € Z. If {(g) — &(g) = 1 with £(g),((g) € Z, then we have the convex hull 5 of the points
(9—1,&(9)), (g+1,¢(g9)) and ¢, and the contradiction ¢ 2 n = &. The case ((g) —&(g) =0 is (B). Now
suppose ((g) —&(g) = 1/2. If the lower middle slope of ¢ is less than 1/2, then {(g) must be in Z and this
is the case (A). Otherwise we can assume that £ does not have a breaking point at g and the slope of £
is equal to 1/2. If £(g) were in Z, then the convex hull n of ¢ and the point (g,&(g)) satisfies ¢ 2 n 2 &,
which is a contradiction. Hence this case is (A’). O

8.2 Proof in the case (A)
Assume ¢ < ¢ is of type (A). First let us describe ¢ < £ concretely.

Lemma 8.2. We can write, for some t € Z>,

(=C+C+- -+,
&= (m,n)+ (n,m)

with o = (mo,no) = (1,1) and ¢; = (m4,n;) + (ni,m;), where (m,n) and (mi,n;) (1 < i < t) are
segments such that

(1) ;s =n;/(m; +n;) satisfy

M < <A< N=1/2:
m+n< t S S A1 S Ao /2;

(2) m=1+3"_,m andn=>"_,n,.

Note g = m + n. In this case we have ¢(§;¢) =t + 1.
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Proof. We show that & has to be of the form above. Then ( is automatically determined by the condition
(S), and it is straightforward to calculate the value of ¢(§;¢) (cf. [17], (5.3)). The condition {(g) € Z
means that @ = (g,£(g)) is a breaking point of £. If £ had another breaking point, then the convex hull
n of ¢ and the breaking points of £ other than @ satisfies ( = 1 3 £. This contradicts the assumption

that ¢ < & satisfies (S). Hence £ = (m,n) + (n,m) for some non-negative integers m and n with
ged(m,n) = 1. O
Set
CI = Ef;é Ci7
& = (m—myn—ny) + (n—ng,m—my),
o = G-

See the figure (7.2.5). Then ¢’ < ¢’ is lower dimensional of type (A). Write ¢’ = (my,ny) + (ny, my) and
0 = (mg,n2) + (ng, my). Note ming —nymy = 1.

For a non-superspecial elementary sequence ¢, i.e., ¢ # (0,...,0), we define an elementary sequence
o' as follows: let 1 be the final sequence stretched from ¢ and put
t(p) =max{j € {1,....g} | ¥ —1) <¥(j) =¢(+ 1)} (82.1)

then we set

_ D=1 if i=r(p),
(1) otherwise
fori=0,...,g and also define p*) as satisfying p*) = (@*=D)1 for 2 < k < |¢|.
Let C = By, and set B=C & CY. Write B = (B, ) and C = (C,¢€) with C C B. We set m = 5 and
write B = {b; < --- < byg}. Then by Corollary 4.22 (1), we have

C = {b1, .. by bgits - bgin} (8.2.2)
and by (4.5.3) we have
we=(0,...,0,1,....m—n,m—mn,...,m—n). (8.2.3)
~——

Lemma 8.3. We have t = 0 if and only if (m,n) = (1,0).

Proof. Obvious by Lemma 8.2 (2). O
Lemma 8.4. Ift =0, then we have ¢ = (0) and pe = (1). In particular we have cpg) = .

Proof. If t = 0, then ¢ = (o = (1,1); hence ¢ = (0). We have ¢ = (1) by Lemma 8.3 and (8.2.3). O

Assume t > 1. Then we have n > 1 by Lemma 8.3, since n = 0 implies m = 1 by ged(m,n) = 1.
Hence we have m+1=¢g—n+1<g. We put

(’Ivy7 Z) = (bma bm—&-l, b”l"r?) it m + 1 < 9,
(Zvay):(bM7bm+1) if m+1:g
Lemma 8.5. (1) Ifm+1<g, then (z,y, z) satisfies (7.2.1).
(2) If m+1=g, then (2V,y) satisfies (7.2.3).

Proof. (1) Clearly (x,y,2) = (bm, b1, bm42) satisfies (6(x),0(y),d(z)) = (0,1,1) by (2.3.1) and (8.2.3).
Also we have z € C'and y,z € CV by (8.2.2). By (2.3.4) we have 7(y) = byt (m+1)—(m—n) = D2g+1-m = 3
hence we obtain 2V € I'y,. (2) Note (2V,y) = (by,bms1) = (bg—1,b,y). By (2.3.1) and (8.2.3), we have
(6(2Y),d(y)) = (0,1). Tt follows from (8.2.2) that z¥ € C' and y € CV. O
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Corollary 8.6. We have <p22> = (pép D Pp-
Proof. Let <p[€2] and <p£1] be as in §7.2 for the triple (z,y,2) or the pair (z¥,y) defined above. Then we

have <p£2] = cpf) and cp[;,} = @ép, since we have t(p¢) = m and t(cpé”) = m + 1. Hence the corollary is

nothing but Corollary 7.5. O
Corollary 8.7. There erists a series of elementary sequences oo < -+ < Qee;c) such that o = ¢,
Pe(es0)—1 = goé” and Qeecy = we. If t > 1, we can choose such a series satisfying oee;c)—2 = goém n
addition.

Proof. For t = 0 this is nothing but Lemma 8.4. Assume ¢t > 1. Put ¢ = ¢(&;¢) and ¢/ = ¢(¢';¢’). Note
¢ = ¢ — 1. By the induction hypothesis, there are elementary sequences ¢j < --- < ¢’,_; such that
vy = e and ¢l _; = <p§>. We put p; = ¢} & p, for i =0,...,c—2 and set p._1 = goél) and ¢, = @¢.
Note pg = @¢r @ ¢, = @¢. It remains to show ¢; < ;41 for all 0 <4 < c. This means

P B po < iy Bpp for0<i<c—2,
(1)

Al

<p51 < ¢ for i =c.

® g, < oV fori=c—1,

The first and the third inequalities are obvious. The second inequality follows from Corollary 8.6. O

8.3 Proof in the case (A’)

In this subsection we shall reduce the case (A’) to the case (A). Let ¢ < & be of type (A’). The exact
form of ¢ < € is as follows.

Lemma 8.8. We can write, for some t € Z>,
C=C+C+ -+,
§= (m’n> + (17 1) + (nvm)

with Go = (mo,no) + (no,mo) == (1,1) + (1, 1) and ¢; = (mi,n;) + (ni, m;), where (m,n) and (m;, n;)
(1 <i<t) are segments such that

(1) Ai = ni/(m; + n;) satisfy

M <A <A =1/2
m+n< t > > A1 >SN0 /5

(2) m=1+3"_m andn=>"_,n,.
Note g =m +n+ 1. In this case we have ¢(&§;() =t + 2.

Proof. Tt suffices to show that & has to be of the form above. Then ¢ has to be of the above form by the
condition (S), and it is straightforward to compute the value of ¢(&; ) (cf.[20], (5.3)). Since &£(g) is not
an integer, ¢ contains a supersingular factor (1,1). Thus £ has the breaking points P = (g — 1,£(g — 1))
and PV = (g+1,£(g+1)). If £ had another breaking point, then the convex hull 5 of ¢ and the breaking
points other than P, PV satisfies ¢ 2 n = £. This is a contradiction. Hence & = (m,n) + (1,1) + (n,m)
for some non-negative integers m and n with ged(m,n) = 1. O

We define Newton polygons ¢ and ¢’ by € = & + ¢ and { = (' 4+ ¢ with ¢ = (1,1). See the figure
(7.3.3). Then ¢’ < £’ is of type (A) with ¢(¢',¢") =t + 1.

Set C = Biyn and B =C @ By; & CY. Then B is the symmetric final type of ¢¢. Write B = (B, )
with B ={b1 <--- <by} Notem+1=g—n<g. Put

(x’y7z):(bm7bm+1abm+2) if m+1<97
(Zvay) = (bmybm+1) if m+1= g.
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Lemma 8.9. (1) Ifm+1<g, then (z,y,z) satisfies (7.3.1).
(2) If m+1=g, then (zV,y) satisfies (7.5.2).

Proof. Write C = (C,€) and By,1 = (Bs,d2). By Corollary 4.22 (1), we have C' = {b1,...,bm,bgt1,...,bg4n}
and By = {bm41,bg+n+1} and CV = {byy2,...,bg,bgint2,...,bag}. Also by (4.5.3) we have

we=(0,...,0,1,....m—n,m—mn,...,m—n).
——

n n+1

Hence if m + 1 < g, then we have (§(x),d(y),d(z)) = (0,1,1) by (2.3.1), and z € C, y € By and z € C"V.
If m + 1 = g, then we have (§(z),d(y)) = (0,1) and also z¥ € C and y € Bs. O

Corollary 8.10. We have <p§2> = <,0§> D Pp-

Proof. Let 4,0[&2] and goél] be as in §7.3 for the triple (z,y,2) or the pair (z¥,y) defined above. Then we

have <p<2> = @[52] and 4,029 = <p[§1,], since t(pe) = m and t(gpé”) = m + 1. Hence the corollary is nothing

but Corollary 7.8. O
See Example 7.9 for some examples. By the same argument as in Corollary 8.7, we obtain

Corollary 8.11. There exist elementary sequences pg < -+ < Qe(e,¢c) Such that oo = o¢, Pe(ec)y—2 = g0§2>,
_ D _
Pe(e:q)-1 = g " and Pe(ei) = Pe-

8.4 Proof in the case (B)
Assume ¢ < ¢ is of type (B). We have the following description of { < &.

Lemma 8.12. We can write, for some r,s € Z>,

i=—7

£= (m(l)’ n(l)) + (m(2)’ n(2)) + (n(2)7m(2)) + (n(l)’m(l))

with ¢ = (mi,ng) + (ng, m;), where (m® n®) (i = 1,2) and (mi,n;) (=7 < i < s) are segments such
that

(1) XD =n® /(m® £ n®) (i =1,2) and \; = n;/(m; +n;) (—r <i < s) satisfy

AD <A < <AL <A <A < <A < AP

(2) we have m =35 m; andn = >;__ n;, where m =m™ +m® and n =n® 4 n);

(3) the first breaking point (m™) +nM) nMW)Y) of € is under (y. (This condition determines v and s.)
Note g =m +n. In this case we have ¢(§;¢() =r+s+1.

Proof. 1t suffices to show that £ has to be of the form above. Then the form of ¢ is determined by the
conditions (S) and £(g) = ¢(g), and it is straightforward to compute the value of ¢(&;¢) (cf. [20], (5.3)).
The condition £(g) € Z means that Q = (g,£(g)) is a breaking point of £. If there were no other true
breaking point, then ¢ = ¢ follows from the condition ((g) = £(g). This is a contradiction. Let P and PV
be the first and the last true breaking points of £ respectively. Note P # @Q # PV. If £ had a breaking
point other than P, @, PV, then the convex hull  of ¢ and the breaking points of ¢ other than P, PV
satisfies ¢ 2 n 2 €. This is a contradiction. Thus & has to be as in the lemma. O
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Put C, = (Cl, 61) = Bmu)’n(m and Cy = (027 62) = Bm(2>,n(2>‘ We define B = C; ®Cs and B=BaBY.
Write B = (B,d) with B = {b; < .-+ < bg,}. Note B is the symmetric final type of ¢¢. Recall
m=mW +m® n=nM4+n? and g = m +n (Lemma 8.12).

We claim n = n® +n® > 1 and m® > 1 for i = 1,2. Indeed if n = n) 4+ n@ = 0, we have
n() = 0; then all slopes of ¢ are 0 or 1; this contradicts A(!) < A(?) (Lemma 8.12 (1)). Since m() > n(®
and gcd(m(i),n(i)) =1, we have m® > 1. Note m = m™® + m® > 2.

Lemma 8.13. Let J be the first jumping number of @ (Definition 4.10). Then @ is of either of the
following types:

(Ie) e is of the form (0,...,0,1,2,...,0,€,%,...,%) for some £ with2 <{<g—J,
—_———
‘

(ILy) e is of the form (0,...,0,1,1,...,6,4,%,...,%) for some £ with1 <{<g—J—1.
——

In particular we have |pe| > 3.

Proof. By Corollary 4.22 (2) we have J < n. Thus we have g —J > m > 2. If p(J + 1) = 2, then ¢ is of
type (I). Otherwise ¢ is of type (II). O

For a non-superspecial elementary sequence ¢, we define an elementary sequence (¢ as follows: let
1 be the final sequence stretched from ¢ and let

(o) =min{j € {1,...,9} | 0# ¢(j) = (G + D} (8.4.1)

then we set
. p)—1 if i=1I(p),
(1)90(1) { () ( )

() otherwise

fori=0,...,g and define (¥ as satisfying *)p = (I (F=1p) for 2 < k < |¢|.
In this subsection we show a little stronger assertion than Theorem 3.1:

Proposition 8.14. There exists a series of elementary sequences g < -+ < pe;c) such that po = @,

Pe(es0)—1 = <1><p§ and Qe ey = pe- If (r,s) # (0,0) we can choose such a series satisfying ¢oe,c)y—2 =
2 ¢ in addition. (Here (r,s) is as in Lemma 8.12.)

The proof is by induction on height of £&. Now we assume Proposition 8.14 holds for Newton polygons
with lower height.
Firstly we consider the case of r = s = 0. In this case ¢ = (m,n) + (n,m); hence by (4.5.3) we have

wc=(0,...,0,1,....,m—n,m—mn,...,m—n).
——
Also ¢ is written as
&= (ml,nl) + (m2,n2) + (ng,mg) + (ﬂl,m1) (842)

with m; + mo =m, ny + np = n and myng — mony = 1.

Lemma 8.15. Let & be as in (8.4.2). Then we have

we=(0,...,0,1,1,....,m—n,m—n,...,m—n). (8.4.3)
> ——

n—1 m—n n
In particular if r = s = 0, then we have <1>g05 = @c.
Proof. This follows from Corollaries 6.4 and 4.22 (2). O
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From now on we assume (7, s) # (0,0). Let J be the first jumping number of ¢¢ and ¢ as in Lemma

8.13. We put
Y J+1 for (I), (8.4.4)
J+L+1 for (II)
and set B B B
(:vaaz) = (bU—Qabv—lvbv) fOI‘ (I) and (II[;,éz)v (8 4 5)
(w,x,y,z) = (51)73;51)72751)71;51)) for (IIQ) o
Note v < g (see Lemma 8.13), i.e., we have z < b,. By (2.3.1) we have
=\ = (0,0,1) for (I) and (II,-,),
0(z),d(y), 0 = 8.4.6
(5(2),5(0),5(:) {(07 ) ey (5.46)
(6(w),d(x),d(y),8(2)) = (0,1,0,1) for (IL,). (8.4.7)

Lemma 8.16. We have z < b,,,. (Therefore w,z,y,z € B by Corollary 4.22 (1)).

Proof. Assume z € {by,41,...,b,} and derive a contradiction. By the definition (8.4.5) of z and Corollary
4.22 (2), we have £ = m — n. Then by Corollary 4.22, the following has to hold:

0,...,0,1,....m—n,m—mn,...,m—n) for (1),
——
ve = 0,...,0,1,1,....m—n,m—n,...,m—n) for (II).
——
n—1 m—n n

Hence we have ©¢ = ©(m,n)+(n,m) for (I); this is a contradiction. For (II), by (8.4.3) we have ¢¢ =
©(my,n1)+(ma,na)+(ng,ms)+(ny,m)» Which contradicts (r, s) # (0,0). O

Lemma 8.17. (1) For the types (I) and (Il;>3), we have xz,y € C1 and z € Cs.
(2) For the type (I1), we have x € Cy and y, z € Cs.
(3) For the type (1lz), we have w,y € C1 and x,z € Cs.
(4) For the type (Ily>3) we have by i1 € Ca.

Proof. By Corollary 4.18, we have by € C; for all cases. Since §(bs) = 0, we have d(c) = 0 for all ¢ € C
with ¢ > by. Thus for all J < i < m with g(gi) = 1, we have b; € Cy. Hence z € Csy holds; also for
the type (II;) we have y € Cs; and for the type (IIz) we have x € Cy; and for the type (IIy>3) we have
bJ+1 € Cs. _ _

Since z € Cy and d(z) = 1, we have ¢ € (4 for all ¢ < z with d(¢) = 0. Hence we have y € C for the
types (I), (IIz) and (IIy>3). O

By (8.4.6), (8.4.7) and Lemma 8.17 (1) - (3), we obtain
Lemma 8.18. (1) For the types (I) and (Ily>3), (z,y,2) satisfies (6.5.1) for B =C; & Cs.
(2) For the type (I1y), (x,y, z) satisfies (6.4.1) for B=Cy @ Cs.
(3) For the type (Il), (w,x,y, z) satisfies (6.5.1) for B=C1 @ Cs.

Thus the results in §6 are applicable. In the case (B) we need an extra step to show that the surgeries
actually produce ¢, from ¢¢. More precisely we have to show r > 1 for (I) and (IIy<2), and s > 1
for (Il;>2), i.e., the first breaking point of ¢ is above the first segment of ¢ for (I) and (IIy<2), and the
lower middle breaking point of ¢ (=the last breaking point over [0, g)) is above the second segment of
¢ for (IIy>2). This will be proved with a help from geometry: Grothendieck-Katz ([9], Theorem 2.3.1).
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From now on we shall use a line graph which may not be lower convex: for segments 0i = (mg,ny)

(1t =1,...,t), putting P; (lel(ml +ni), > _yng) for 0 <j <t let L= 01F -+ + o denote the
line graph passing through Py, ..., P; in this order. We call £ symmetric if A(g;) + /\(Qt+1—z) =1 for all
i=1,...,t. Obviously we have

Lemma 8.19. Let L = Q1? e I)gt and ¢ the Newton polygon 01 + - - + ;. Then we have L < {, and
moreover if L # (, then there exists a breaking point P of ¢ which is below L, i.e., L 3 P.

Proposition 8.20. For the type (I) we have r > 1. Put

C/ = Zf=_7«+1 Ci,
5/ = (m(l) — mi,’w n(l) — nir) _|_ (frn(Q)7 n(2)) _|_ (n(2)’ m(2)) _|_ (n(l) — nir’ m(l) — mir)7
o = (mf’m ’I’L,T) + (nf'm mfr)-

(See the figure (6.3.5). Note ¢’ < &' is of type (B).) Then we have P pe = Ve @ @,.

Proof. We define my,ny, my and ny by m; +my = m®, ny +ny =n™ and miny — nymy = 1. We put

o = (mg,n2)+ (ng, my),

¢ = (my,m) 4+ (mP,n®)+ 0@ m®) 4+ (ny, my).

There exists a unique symmetric Newton polygon ¢” with (" < &” satisfying (S) and (m; +ny,ny) & ¢”.
Clearly ¢ < &” is of type (B). Let £ be the symmetric line graph

(ma,n2) F ¢" F (n2,my). (8.4.8)

Note there is no lattice point @ with £ = @ 2 & by the construction.
By Lemma 8.18 (1) and Corollary 6.7, we obtain

@ e = Woen @ ¢y, (8.4.9)
since we have [(p¢) = J + ¢ — 1 and [((Vpg) = J +£ 2.

In order to show r > 1, (" =/, & = §' and o = p, it suffices to check £ = ¢’ + ¢”. By the induction
hypothesis, we have ¢ < (Ypen; hence by (8.4.9) we have

1 (2)

v ® oy < Mg ® oy = Poe < g

thus we get ¢’ + ¢’ 2 £ by Grothendieck-Katz ([9], Theorem 2.3.1). If £ # ¢’ + ¢”, then by Lemma 8.19
there exists a breaking point P of ¢’ + " such that £ = P 2 & This is a contradiction. O

Proposition 8.21. For the type (II;) we have s > 1. Put

C/ = Zf;ir Ci7
5/ = (m(l)vn(l)) + (m(Q) - msan@) - ns) + (n(Q) - n37m(2) - ms) + (n(l)vm(l))a
Q = (msvns) + (n87m$)'

(See the figure (6.4.3). Note ¢' < &' is of type (B).) Then we have P e = Ve @ ¢,
Proof. We define my,ny, my and ny by m; + my = m®, ny +ny =n® and miny, —nymy = 1. Put

o = (my,n)+ (ng,my),

5” = (m(l)an(l)) + (mQanQ) + (n27m2) + (n(l)a m(l))

There exists a unique symmetric Newton polygon ¢” such that ¢” < ¢” satisfies (S) and (m() +
nM nMY) ¢ ¢". Clearly ¢ < ¢ is of type (B). We write ¢/ = ¢ + ¢/ with ht(¢”) = ht(¢) and
t
5 £_C// I’Q/I’C//
=" v
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Note by the construction there is no lattice point @ with £ 2 Q = €.
By Lemma 8.18 (2) and Corollary 6.10, we have

( 1)

Ve = Voen @ ¢y, (8.4.10)

since we have [(p¢) = J and [((Vpe) = J + 1.
In order to show s > 1, (" = ¢/, € = ¢’ and ¢’ = p, it suffices to check £ = (" + ¢’. By the induction
hypothesis we have ¢ < <1><p§~; hence by (8.4.10), we have

_ @

Per @ o < Voen @ oy Pe < e

thus we get ¢ + ¢’ 3 £ by Grothendieck-Katz ([9], Theorem 2.3.1). If £ # ¢” + ¢, then by Lemma 8.19
there exists a breaking point P of (" + ¢’ such that £ = P 2 &. This is a contradiction. O

Proposition 8.22. For the type (II2) we have r,s > 1. Put

s—1
¢ = Zi:_r-uCiv

6/ = (m(l) —Mm_, n(l) — n*T) + (m(2) — msjn(Q) — ns)
+(n® —ng,m® —my) + (n™M —n_,,m® —m_,),
0 = (m—rvn—r) + (msans) + (nsy ms) + (n—ra m—r)-

(See the figure (6.5.3). Note (' < &' is of type (B).) Then we have P e = Ve @ ¢,
Proof. This can be shown in the similar way as in the cases (I) and (II;). Use Corollary 6.12. O
For the type (IIy>2) we define {1}905 by

. i for i#£J+Y,
Wege(iy = § ¥4 7
pe(i)—1 for i=J+1¢

fori=1,...,g, and for type (II;>3) we define {2}y, by

2 (i) 1= e (i) for iA£J+l, JHL—1,
P Y pei) =1 for i=J4 b JHl—1
fori=1,...,9. Note e = W) for () and e = 1 (2hp,) for (I>3).

Proposition 8.23. For the type (Il;>3), we have r > 1. Put

¢ = Y G
6/ = (m(l) — m_r’ n(l) — n_r) + (m(2)7 n(z)) + (n(Z), m(z)) + (n(l) — n_r, m(l) — m_r),
o = (mer,n_y)+ (n_p,m_p).

(See the figure (6.3.5). Note ¢' < &' is of type (B).) Then we have ¥ ge = P e @ p,. Moreover we
have p¢r < <2>g0§/.

Proof. We define my, ny,my and ny by m; +mo = m®, ny +ny =n® and myny — nymy = 1. We put

o = (mg,ng)+ (nz, my),
¢ = (my,n) 4+ (m?P,n®)+ 0@ m®) 4+ (ny, my).

Let ¢" be the symmetric Newton polygon such that ¢ < £ satisfies (S) and (m; +ny,nq) € (. Clearly
¢" < ¢" is of type (B). Let L be as in (8.4.8). Note by the construction there is no lattice point @ with

LZQZE
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Let 2B, By = (By,6,) and Br,, be asin §6.3. Clearly the final type of {2}905 is equal to 1B PIBY,
and the final type of ¢ is equal to B;. Moreover the decomposition By = Br,, ©Cz is the decomposition
“B=2C1 ®Cy” for pgr. Recall byi1 € Co (Lemma 8.17 (4)); then applying Lemma 5.7 to x,y € C; C B,
we see that by is an element of 'y, \ {y}; hence we have b; € B;. Clearly the four elements by, b1,
and z of By satisfy by < by41 < x < z and

(01(by), 61(bsy1), 01(x), 61(2)) = (0,1,0,1). (8.4.11)
Hence ¢ is of type (IIy>2). By Lemma 8.18 (1) and Corollary 6.7, we have
e = W @ gy (8.4.12)

Applying (1) to the both sides of (8.4.12), we have

<3>g0g = <2><p£,, D @, (8.4.13)
Let (", s") be the “(r,s)” for (" < £". Then by (6.2.4) and (8.4.11) we have (r",s"”) # (0,0). Hence we
have ¢ < Ppen by the induction hypothesis.

It remains to show r > 1, " = {/, &’ = ¢ and ¢’ = p. For this, it suffices to check £ = ¢’ + ¢”. By
(8.4.13), we have

(2) (3)

e D g < pen Doy =1 e < e
thus we get ¢’ + ¢’ 2 £ by Grothendieck-Katz ([9], Theorem 2.3.1). If £ # ¢/ + ¢”, then by Lemma 8.19
there exists a breaking point P of ¢’ + ¢” such that £ = P = . This is a contradiction. O

Proof of Proposition 8.14. For r = s = 0 this is nothing but Lemma 8.15. If { < £ is of types (I) and
(IL<2), then the proof can be done by the same way as that of Corollary 8.7 thanks to Propositions 8.20,
8.21 and 8.22.

Assume ¢ < € is of type (II;>3). Let ¢’ < &' be as in Proposition 8.23. Put ¢ = ¢(&;¢) and ¢/ = ¢(¢';¢).
Note ¢’ = ¢— 1. By the induction hypothesis, there are elementary sequences ¢f < --- < ¢L, _, such that
b = e and ¢, 5 =P Weput p; = @l @, fori =0,...,c—3and set g2 = P, 0o = My
and ¢, = @¢. Note g = @ @ ¢, = @¢. It remains to show ¢; < ;41 for all 0 < i < ¢. This means

©; D po < Py Dpp for0<i<c—3,
Pope @p, <Py fori=c—2,

@ e < Mo, for i =c¢ — 1,

W oe < ¢ for i = c.
The first, the third and the fourth inequalities are obvious. The second inequality follows from Proposition
8.23: B = P oe @ . O
References

[1] C.-L. Chai and F. Oort: Monodromy and irreducibility of leaves. Preprint.
See http://www.math.uu.nl/people/oort/.

[2] M. Demazure: Lectures on p-divisible groups. Lecture Notes in Mathematics, 302, Springer-Verlag, Berlin-
New York, 1972.

[3] T. Ekedahl and G. van der Geer: Cycle classes of the E-O stratification on the moduli of abelian varieties.
To appear in: Algebra, Arithmetic and Geometry Volume I: In Honor of Y. I. Manin Series: Progress in
Mathematics, Vol. 269 Tschinkel, Yuri; Zarhin, Yuri G. (Eds.) 2008.

[4] G. van der Geer: Cycles on the moduli space of abelian varieties. In: Moduli of curves and abelian varieties,
65—89, Aspects Math., E33, Vieweg, Braunschweig, 1999.

31



(5]
(6]

[7]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

[15]

[16]

(17]
18]
(19]
20]

(21]

(22]

S. Harashita: Ekedahl-Oort strata and the first Newton slope strata. J. Algebraic Geom. 16 (2007) 171-199.

S. Harashita: Ekedahl-Oort strata contained in the supersingular locus and Deligne-Lusztig varieties. To
appear in J. Algebraic Geom.

S. Harashita: Generic Newton polygons of Ekedahl-Oort strata: Oort’s conjecture. Preprint.
See http://www.ms.u-tokyo.ac.jp/ harasita

A. J. de Jong and F. Oort: Purity of the stratification by Newton polygons. J. Amer. Math. Soc. 13 (2000),
no.1, 209-241.

N. M. Katz: Slope filtration of F-crystals. Journ. Géom. Alg. Rennes, Vol. I, Astérisque 63 (1979), Soc.
Math. France, 113-164.

H. Kraft: Kommutative algebraische p-Gruppen (mit Anwendungen auf p-divisible Gruppen und abelsche
Varietdten). Sonderforschungsbereich. Bonn, September 1975. Ms. 86 pp.

Yu. I. Manin: Theory of commutative formal groups over fields of finite characteristic. Uspehi Mat. Nauk
18 (1963) no. 6 (114), 3-90; Russ. Math. Surveys 18 (1963), 1-80.

B. Moonen: Group schemes with additional structures and Weyl group cosets. In: Moduli of abelian varieties
(Ed. C. Faber, G. van der Geer, F. Oort), Progr. Math., 195, Birkhduser, Basel, 2001; pp. 255—298.

B. Moonen and T. Wedhorn: Discrete invariants of varieties in positive characteristic. Int. Math. Res. Not.
2004, no. 72, 3855-3903.

F. Oort: Commutative group schemes. Lecture Notes in Mathematics, 15, Springer-Verlag, Berlin-New York,
1966.

F. Oort: A stratification of a moduli space of abelian varieties. In: Moduli of abelian varieties (Ed. C. Faber,
G. van der Geer, F. Oort), Progr. Math., 195, Birkhduser, Basel, 2001; pp. 345-416.

F. Oort: Newton Polygon Strata in the Moduli Space of Abelian Varieties. In: Moduli of abelian varieties
(Ed. C. Faber, G. van der Geer, F. Oort), Progr. Math., 195, Birkhduser, Basel, 2001; pp. 417-440.

F. Oort: Foliations in moduli spaces of abelian varieties. J. Amer. Math. Soc. 17 (2004), no. 2, 267-296.
F. Oort: Minimal p-divisible groups. Ann. of Math. (2) 161 (2005), no. 2, 1021-1036.
F. Oort: Simple p-kernels of p-divisible groups. Adv. Math. 198 (2005), no. 1, 275-310.

F. Oort: Foliations in moduli spaces of abelian varieties and dimension of leaves. To appear in: Algebra,
Arithmetic and Geometry Volume I: In Honor of Y. I. Manin Series: Progress in Mathematics, Vol. 269
Tschinkel, Yuri; Zarhin, Yuri G. (Eds.) 2008.

T. Wedhorn: The dimension of Oort strata of Shimura varieties of PEL-type. In: Moduli of abelian varieties
(Ed. C. Faber, G. van der Geer, F. Oort), Progr. Math., 195, Birkh&user, Basel, 2001; pp. 441-471.

T. Wedhorn: Specialization of F-zips. Preprint. arXiv: 0507175v1

Institute for the Physics and Mathematics of the Universe, The University of Tokyo,
5-1-5 Kashiwanoha Kashiwa-shi Chiba 277-8582 Japan.
E-mail address: harasita at ms.u-tokyo.ac. jp

32



